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۔ ”small wave” “wavelet” “Ondelette”
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3 .1

۔
۔ (WFT) ٔ (STFT) ٔ ٔ ،

ٔ ٔ ( )
ٔ ۔

( ) ٔ ۔
ٔ ٔ ۔

، ۔ ٓ
,105]۔ 4] STFT

𝑡 ∗ 𝑔(𝑡) ∈ 𝐿2(ℝ) 𝑔 ∈ 𝐿2(ℝ) 1
۔

۔
𝑔 Δ𝑔 ، (RMS) ٔ 𝑡∗ 2

۔
𝑡∗ = 1

‖𝑔‖2
2

∫
∞

−∞
𝑡|𝑔(𝑡)|2𝑑𝑡, (1.1)

Δ𝑔 = 1
‖𝑔‖2

2
(∫

∞

−∞
(𝑡 − 𝑡∗)|𝑔(𝑡)|2𝑑𝑡)

1/2
, (1.2)

۔ 2Δ𝑔 ٔ 𝑔 ۔
Δ ̂𝑔 RMS 𝜔∗ ̂𝑔(𝜔) ،

ٔ ۔



4 .1

ٔ ۔ (STFT) ٔ
STFT ۔

، ٔ ۔ ٔ ٔ
۔

، 𝐺(𝑓)(𝑠, 𝜔) 𝑓 (𝑠, 𝜔) ٔ 3

𝐺(𝑓)(𝑠, 𝜔) = ̂𝑓𝑔(𝑠, 𝜔) = ∫∞
−∞ 𝑓(𝑡)𝑔(𝑡 − 𝑠)𝑑𝑡𝑒−𝑖𝜔𝑡 (1.3)

𝑔 𝑠) 𝑠 ٔ 𝑔 ۔ 𝑔(𝑡) = 𝑒−(𝑡−𝑠)2/𝑎2

ٔ ٔ 𝑎 ، (
[18�[

𝑓(𝑡)𝑒−𝑖𝜔𝑡 ( ) 𝑔(𝑡) ٔ
۔

𝑓 ∈ 𝐿2(ℝ) 4
𝑓(𝑡) = 𝐺−1( ̂𝑓𝑔(𝑠, 𝜔)) = 1

2𝜋‖𝑔‖2
2

∫
∞

−∞
∫

∞

−∞
̂𝑓𝑔(𝑠, 𝜔)𝑔(𝑡 − 𝑠)𝑒𝑖𝜔𝑡𝑑𝜔𝑑𝑡.

ٔ 𝑐, 𝑑 𝑓, 𝑔, ℎ ∈ 𝐿2(𝑅) :
۔

: .
𝐺𝑔[𝑐𝑓 + 𝑑ℎ](𝑠, 𝜔) = 𝑐𝐺𝑔𝑓(𝑠, 𝜔) + 𝑑𝐺𝑔ℎ(𝑠, 𝜔).



5 .1
: ٔ .

𝐺𝑔[𝑇 𝑑𝑓](𝑠, 𝜔) = 𝐺𝑔[𝑓(𝑡 − 𝑑)](𝑠, 𝜔),

= 𝑒−𝑖𝑑𝜔𝐺𝑔𝑓(𝑠 − 𝑑, 𝜔).

: .
𝐺𝑔[𝑀𝑑𝑓](𝑠, 𝜔) = 𝐺𝑔[𝑒𝑖𝑑𝜔𝑓(𝑡)](𝑠, 𝜔),

= 𝐺𝑔𝑓(𝑡)(𝑠, 𝜔 − 𝑑),

= 𝑇𝑑𝐺𝑓(𝑠, 𝜔).

: .
𝐺𝑔𝑓(𝑠, 𝜔) = 𝐺𝑔𝑓(𝑠, −𝜔).

1 .3

۔
ٔ ۔

۔
( ) ،

،
۔ ٔ
𝑑 ∈ ℝ ٔ ٔ 𝑓 ،𝑓 ∈ 𝐿2(ℝ) 5

Δ𝑑𝑓 =
∫∞
−∞(𝑡 − 𝑑)2‖𝑓(𝑡)‖2𝑑𝑡

∫∞
−∞ ‖𝑓(𝑡)‖2𝑑𝑡

(1.4)
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،
Δ𝑟 ̂𝑓 =

∫∞
−∞(𝑡 − 𝑑)2‖𝑓(𝑡)‖2𝑑𝑡

∫∞
−∞ ‖𝑓(𝑡)‖2𝑑𝑡

. (1.5)

ٔ ±∞ 𝐿2(ℝ)𝑓 ( ) 6 (Theorem)

۔
Δ𝑑𝑓Δ𝑟 ̂𝑓 ≥ 1

4

,𝑑۔ 𝑟 ∈ ℝ

ٔ ، ۔ Δ𝑑𝑓, Δ𝑟 ̂𝑓

۔
۔ 𝑓(𝑡) = 𝑒

−𝑡2
2𝜎2√
2𝜋𝜎

1 .4

۔ (MRA)

۔ ٓ ٔ ٔ
ٓ

۔
۔ {𝑉𝑗}𝑗∈ℤ 𝐿2(ℝ) MRA 𝐿2(ℝ) 7

۔ ٔ
𝑉𝑗 ⊂ 𝑉𝑗+1 ∀𝑗 ∈ ℤ.

∪∞
𝑗=0𝑉𝑗 = 𝐿2(𝑅), ∩𝑗∈ℤ𝑉𝑗 = {0}.
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، 𝑓 ∈ 𝐿2(ℝ) ، ٓ

𝑓(𝑡) ∈ 𝑉0 ⟺ 𝑓(2𝑗𝑡) ∈ 𝑉𝑗∀𝑗 ∈ ℕ, (invariance to dilation)

invariance)۔ to translation) ٓ {𝜙(𝑡 − 𝑘) ∶ 𝑘 ∈ ℤ} 𝑉0

۔ 𝜙(𝑡) ∈ 𝑉0

𝐿2−𝑛𝑜𝑟𝑚{𝜙𝑗,𝑘 ∶ 𝑡 ⟶ 2𝑗𝜙(2𝑗𝑡−𝑘)}𝑘∈ℤ ، 𝑗
𝑉1 ، 𝑉0 𝜙 ۔ ٓ 𝑉𝑗

(ℎ𝑘)𝑘∈ℤ ۔ {𝜙1,𝑘}𝑘∈ℤ 𝜙 ،
∀𝑡 ∈ ℝ, 𝜙(𝑡) = ∑

𝑘∈𝑍
ℎ𝑘𝜙(2𝑡 − 𝑘).

، ،
۔

ٓ 𝑉𝑗 𝑉𝑗+1 𝑊𝑗 𝑉𝑗+1 ۔

𝑉𝑗+1 = 𝑉𝑗 ⊕ 𝑊𝑗. (1.6)

𝑉𝑗 𝑉𝑗+1 𝑊𝑗

۔ 𝑊𝑗 ۔ ٓ
𝐿2(ℝ) = 𝑉𝑗0

⊕ ⊕∞
𝑗=𝑗0

𝑊𝑗 (1.7)

𝜓 ۔ ٓ 𝑊0 {𝑡 ⟶ 𝜓(𝑡−𝑘)}𝑘∈ℤ 𝜓

{𝜓𝑗,𝑘 ∶ 𝑡 ⟶ 2𝑗/2𝜓(2𝑗𝑡−𝑘)}𝑘∈ℤ ،𝑗 ∈ ℤ ، ۔
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، 𝑉1 𝑊0 ، ٓ ۔ ٓ 𝑊𝑗

: ٔ
∀𝑡 ∈ ℝ, 𝜓(𝑡) = ∑

𝑘∈ℤ
𝑔𝑘𝜙(2𝑡 − 𝑘) (1.8)

، ۔ (𝑔𝑘)𝑘∈ℤ

𝕀 ، 𝜓 = 𝕀[1/2,1) − 𝕀[0,1/2) 𝜙 = 𝕀[0, 1)

ٔ ٔ 𝐿2(ℝ) ٔ MRA (7) ۔
: 𝑓 ∈ 𝐿2(ℝ))

𝑓 = ∑
𝑘∈ℤ

𝛼𝑗0,𝑘𝜙𝑗0,𝑘 +
∞

∑
𝑗=𝑗0

∑
𝑘∈ℤ

𝛽𝑗,𝑘𝜓𝑗,𝑘,

𝛽𝑗0,𝑘 = ∫ 𝑓𝜓𝑗,𝑘. 𝛼𝑗0,𝑘 = ∫ 𝑓𝜙𝑗0,𝑘

ء ٔ ۔
۔ ٔ ۔

، 𝐿2(ℝ) 𝜓 ،
ٓ ۔

۔ ٔ ٔ ٔ
: 𝜓

∫
ℝ+

| ̂𝜓(𝜔)|2
|𝜔| 𝑑𝜔 = ∫

ℝ−

| ̂𝜓(𝜔)|2
|𝜔| 𝑑𝜔 < +∞

۔ ٔ 𝜓 ̂𝜓

:
∫

𝑅
𝜓(𝑡)𝑑𝑡 = 0.
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: 𝑘 𝜓 ، ۔ 𝜓

∫
𝑅

𝑡𝑘𝜓(𝑡)𝑑𝑡 = 0., 𝑤ℎ𝑒𝑟𝑒𝑘 = 0, 1, … 𝑘

: ٔ 𝜓 8
𝜓𝑎,𝑏(𝑡) = 1

√|𝑎|
𝜓 (𝑡 − 𝑏

𝑏 ) , 𝑎, 𝑏 ∈ ℝ, 𝑎 ≠ 0. (1.9)

: 𝑓 ( ) 9
ℭ𝜓(𝑎, 𝑏) = 1

√|𝑎|
∫

∞

−∞
𝑓(𝑡)𝜓 (𝑡 − 𝑏

𝑎 )𝑑𝑡. (1.10)

‵𝑏" ، ‶𝑎"

۔ 𝜙

ٔ 𝑏 𝑎 ۔
𝑗 ∈ ℕ 𝑎0 > 1 𝑎 = 𝑎𝑗

0 ۔ ۔
ٔ ۔ .𝑏0 > 0 𝑘 ∈ ℕ 𝑏 = 𝑘𝑏0𝑎𝑗

0,

، 𝑏0 = 1 𝑎0 = 2

۔
𝜓𝑗,𝑘 = 2−𝑗/2𝜓 (2−𝑗𝑡 − 𝑘)

2 𝑛 𝑗 = 1, 2, … 𝑛. ۔
𝐿2(ℝ) ۔ ۔ ٓ 𝐿2(ℝ){𝜓𝑗,𝑘(𝑡)} ۔ 𝑘 = 1, 2 … 2𝑗−1
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: 𝑓 ٔ
𝑓(𝑡) = ∑

𝑗,𝑘
𝑎𝑗,𝑘𝜓𝑗,𝑘(𝑡).

۔ 𝑎𝑗𝑘 = ⟨𝑓, 𝜓𝑗,𝑘⟩

: ٔ 10
𝐶𝑗,𝑘 = 2−𝑗/2 ∫

∞

−∞
𝑓(𝑡)𝜓 (2−𝑗𝑡 − 𝑘) 𝑑𝑡 (1.11)

۔ 𝑘 ( ) 𝑗

ٔ
۔

۔ 11
𝑓(𝑡) = 1

𝐶𝜓
∫

∞

−∞
∫

∞

−∞
ℭ𝜓(𝑎, 𝑏)𝜓𝑎,𝑏(𝑡)

𝑑𝑎𝑑𝑏
𝑎2 . (1.12)

𝐶𝜓 = ∫
∞

0

| ̂𝜓(𝜔)|2
|𝜔| 𝑑𝜔.

:
: ۔ .𝑓1, 𝑓2 ∈ 𝐿2(ℝ) 𝜓2 𝜓1

: .
ℭ𝜓(𝑎, 𝑏)[𝛼1𝑓1(𝑡) + 𝛼2𝑓2(𝑡)] = 𝛼1ℭ𝜓(𝑎, 𝑏)[𝑓1(𝑡)] + 𝛼2ℭ𝜓(𝑎, 𝑏)[𝑓2(𝑡)]

𝛼1, 𝛼2 ∈ ℝ.



11 .1
: ٔ .

ℭ𝜓(𝑎, 𝑏)(𝑇𝛽𝑓(𝑡)) = ℭ𝜓(𝑎, 𝑏 − 𝛽)𝑓(𝑡),

𝑇𝛽𝑓(𝑡) = 𝑓(𝑡 − 𝑐). : ٓ 𝑇𝛽

: ٔ .
ℭ𝜓(𝑎, 𝑏)(𝐷𝑑𝑓(𝑡)) = 1√

𝑑
ℭ𝜓 (𝑎

𝑑, 𝑏
𝑑) , 𝑑 > 0,

𝐷𝑐𝑓(𝑡) = 1
𝑑𝑓( 𝑡

𝑑), 𝑑 > 0. : ٓ ٔ 𝐷𝑑

: .
ℭ𝜓(𝑎, 𝑏)𝑓(𝑡) = ℭ𝜓(1

𝑎, −𝑏
𝑎 ), 𝑎 ≠ 0.

: .
𝐶𝑃𝜓(𝑎, 𝑏)𝑝𝑓(𝑡) = ℭ(𝑎, −𝑏)𝑓(𝑡),

𝑃𝑓(𝑡) = 𝑓(−𝑡). : ٓ 𝑃

.
ℭ(𝛼1𝜓+𝛼2𝜙)(𝑎, 𝑏)𝑓(𝑡) = 𝛼1ℭ𝜓(𝑎, 𝑏)𝑓(𝑡) + 𝛼2ℭ𝜙(𝑎, 𝑏)𝑓(𝑡).

ℭ𝑇𝛽𝜓(𝑎, 𝑏)𝑓(𝑡) = ℭ𝜓(𝑎, 𝑏 + 𝛽𝑎)𝑓(𝑡). .
ℭ𝐷𝑑𝜓(𝑎, 𝑏)𝑓(𝑡) = 1√

𝑑ℭ𝜓(𝑎𝑑, 𝑏)𝑓(𝑡), 𝑑 > 0. .

۔ 1 .5

، ٔ ، ، ،
۔

۔ [52, 74, 28] ۔
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ٔ ۔ : .
۔ ٓ

۔ ،

، ۔
𝜙 ۔

𝜓 𝜙 ,0]۔ 2𝑁 − 1]
2𝑁 ٔ 𝑁 [1 − 𝑁, 𝑁]

𝐷𝑏2𝑁 𝐷2𝑁 ۔ ۔ ٓ
،𝑁 = 1 ٔ ۔

۔ 𝑁 ۔
۔

۔ ٓ : .
، ۔ ٔ

۔ ٓ
، ، ٓ ۔ ٔ

۔ ٔ ۔
𝐿2(ℝ) − ، ٓ ،

ٔ ۔ 𝑠𝑝𝑎𝑐𝑒.

، ٓ 1 ۔
۔ ۔

: .
۔
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: ٔ ۔
𝜓𝑀(𝑡) = 𝑒𝑖𝜔0𝑡𝑒

−𝑡2
2𝜎2

0 + 𝜖(𝑡).

ٔ 𝜓𝑀(𝑡)

̂𝜓𝑀(𝑡) = 𝜎0𝑒 [(𝜔−𝜔0)𝜎0]2
2 + ̂𝜖(𝑡)

۔ ٔ 𝜎0 𝜔0 ،
𝜓𝑀(𝑡)

، ، (𝜔0 > 5 ) 𝜔0 ۔ ٔ 𝜖(𝑡)

( 10−5) ،
ٓ ، ۔

ٔ ، ۔
ٓ .

، ، ۔
۔

۔ ٔ : ٔ .
، ٓ

: 𝑀(𝜔) ٔ ٔ ۔

�̂�(𝜔) =

⎧{{{
⎨{{{⎩

1√
2𝜋 𝑖𝑓 |𝜔| ≤ 2𝜋

3 ,
1√
2𝜋𝑐𝑜𝑠(𝜋

2 𝜈(2|𝜔|
2𝜋 − 1)) 𝑖𝑓 2𝜋

3 ≤ |𝜔| ≤ 4𝜋
3 ,

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(1.13)
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۔ ٔ ٔ ،

�̂�(𝜔) =

⎧{{{{{{{{{{
⎨{{{{{{{{{{⎩

0 𝑖𝑓 0 < |𝜔| ≤ 2𝜋
3 ,

1√
2𝜋𝑠𝑖𝑛(𝜋

2 𝜈(3|𝜔|
2𝜋 − 1))𝑒−𝑖 𝜔

2 𝑖𝑓 2𝜋
3 < |𝜔| ≤ 4𝜋

3 ,

1√
2𝜋𝑐𝑜𝑠(𝜋

2 𝜈(𝜋
2 (3|𝜔|

2𝜋 − 1))𝑒−𝑖 𝜔
2 𝑖𝑓 4𝜋

3 < |𝜔| ≤ 8𝜋
3 ,

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(1.14)

۔ 𝜈

𝜈(𝑥) =

⎧{{{{{{{
⎨{{{{{{{⎩

0 𝑖𝑓 𝑥 < 0

𝑥 𝑖𝑓 0 < 𝑥 < 1

1 𝑖𝑓 𝑥 > 1

(1.15)

۔ ٔ
۔ �̂� �̂� ، ٓ

: .
ٓ ۔ ٓ

۔ ٓ ۔
۔
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0.2 0.4 0.6 0.8 1.0

-1.0

-0.5

0.5

1.0

0.2 0.4 0.6 0.8 1.0
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( ) ، ( ) :1 .1
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0.5

1.0

0.5 1.0 1.5 2.0 2.5 3.0

-1.5

-1.0

-0.5

0.5

1.0

1.5

(db2) ( ) ، (db2) ( ) :1 .2

(polynomials) ٓ : ٔ ٓ .
، ، ، ٔ ،

۔ ، ، ٔ ، ، ٔ ، ،

1 2 3 4

0.5

1.0

-3 -2 -1 1 2 3
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-0.5

0.5

1.0

1.5

(db3) ( ) ، (db3) ( ) :1 .3
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1 2 3 4
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0.5
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0.5

1.0

(db4) ( ) ، (db4) ( ) :1 .4
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:1 .5
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1.5
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0.2

0.4

0.6

0.8

1.0

1.2

۔ ( ) ، ( ) :1 .7
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1.0

-4 -2 2 4

-0.2

0.2

0.4

0.6
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( ) ، ( ) :1 .8

1 .6

19
، ، ، ۔

ٔ ، ۔ ٔ ، ،
𝑐𝑜𝑠𝑖𝑛𝑒 𝑠𝑖𝑛𝑒 FT ۔ (FT) (1822)

۔ ۔
۔ ٔ ، ، ٔ ،

۔
، ٔ : ۔
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ٔ : ۔
، ، ، ،

۔ ٔ - ،
۔ ، - ،

ٰ
NMR ۔

LIGO۔ ٔ
VIRGO

Livingstone, LA ,Hanford, WA LIGO۔
۔ ، ، VIRGO ،

ٓ
۔

۔
، ۔ ٔ

LIGO-VIRGO

۔
، ۔

ٔ ۔
۔ ٓ ٔ

: ۔
،

، ،( ، ، ٔ )
۔ ( ) ،

ٔ
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، (NMR) ٔ ۔
۔

ٔ ، : ۔
(NPP) ٔ ۔

ٓ NPP۔ ء
۔

، ۔
، ٓ ۔

۔ ٔ ٓ
: ۔

، ٔ ،
۔ ٔ ٓ ، ، ٓ
۔ ٔ

ٔ ،
۔ ، ٔ ،

ٔ ٔ : ۔
ٔ ۔

۔ ٔ ٔ
۔

( ) ء ٔ
۔ ٓ ۔ ٔ
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، ، ، ،
۔ ٔ ٔ

ٔ : ۔
ٔ ٔ

، ٔ ٔ ٔ ، ٔ :
ٔ ٓ ٔ ، ٔ

۔ ٔ ٔ
۔

۔
2𝐷 ۔ ٔ

ٔ
، ، ، ، ، ) ۔

، 𝐿2 ، 𝐿1 ، ، ، ،
، ، ، ٔ ،

۔ ( ٔ ،
ٔ

۔ ٓ ۔

ٔ ۔
۔

(Delay) 1 .7

،
۔ /
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، ٔ ٔ ،
۔ ،

(DDEs) ۔
،

، ٔ ، DDEs ۔ /
۔ ، ٔ

ٔ DDEs [92]

ٔ DDEs[48] ،
ٔ Nicholson’s blowflies [110] ،
DDEs [109] .

DDEs ٓ [54] Karatza & Karahis ۔
ٔ irbesartan

DDEs (EHS) ٔ ۔
،

[56, 101, 35, 13] DDEs [44]۔

DDEs ، 𝜏 ۔۔

DDEs •

⎧{
⎨{⎩

𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑦(𝑡 − 𝜏)), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 ,

𝑦(𝑡) = 𝜙0(𝑡), 𝑡 ≤ 𝑡0.
(1.16)
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𝜏(𝑡) DDEs •

⎧{
⎨{⎩

𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑦(𝑡 − 𝜏(𝑡))), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 ,

𝑦(𝑡) = 𝜙0(𝑡), 𝑡 ≤ 𝑡0.
(1.17)

𝜏(𝑡, 𝑦) DDEs •

⎧{
⎨{⎩

𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑦(𝑡 − 𝜏(𝑡, 𝑦))), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 ,

𝑦(𝑡) = 𝜙0(𝑡), 𝑡 ≤ 𝑡0.
(1.18)

Neutral DDEs •

⎧{
⎨{⎩

𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑦(𝑡 − 𝜏1(𝑡, 𝑦)), 𝑦′(𝑡 − 𝜏2(𝑡, 𝑦))), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 ,

𝑦(𝑡) = 𝜙0(𝑡), 𝑡 ≤ 𝑡0.
(1.19)

Proportional Delay •

⎧{
⎨{⎩

𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑦(𝑞𝑡)), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 ,

𝑦(𝑡) = 𝜙0(𝑡), 𝑡 ≤ 𝑡0.
(1.20)

ٔ ٔ ،
𝜙0(𝑡) ٔ ، ٔ

DDEs ۔
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، ۔
، ۔ ،

،
ٓ DDEs ۔

ٔ ،
۔

1 .8

[35] [45, 78] ٔ ۔ ٔ DDEs

۔ ٔ
۔ (Local existence) 12 (Theorem)

⎧{
⎨{⎩

𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑦(𝑡 − 𝜏(𝑡))), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 ,

𝑦(𝑡0) = 𝑦0,
(1.21)

𝑓(𝑡, 𝑢, 𝑣) 𝐴 ⊆ [𝑡0, 𝑡𝑓) × ℝ𝑑 × ℝ𝑑

𝜏(𝑡) ≥ 0 ۔ 𝑣 𝑢

ٔ ۔ 𝜉 > 0, 𝑡 − 𝜏(𝑡) > 𝑡0 (𝑡0, 𝑡0 + 𝜉] [𝑡0, 𝑡𝑓), 𝜏(𝑡0) = 0

ٔ ٔ 𝛿 > 0 [𝑡0, 𝑡0 + 𝛿) (1.21)

۔
۔ (Global existence) 13 (Theorem)

⎧{
⎨{⎩

𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑦(𝑡 − 𝜏(𝑡))), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 ,

𝑦(𝑡0) = 𝑦0,
(1.22)
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𝑣 𝑢 𝑓(𝑡, 𝑢, 𝑣) 𝐴 ⊆ [𝑡0, 𝑡𝑓)×ℝ𝑑×ℝ𝑑

[𝑡0, 𝑡𝑓), 𝜏(𝑡0) =𝜏(𝑡) ≥ 0 ۔ Lipschitz

[𝑡0, 𝑏) ۔ (𝑡0, 𝑡0 + 𝜉] 𝜉 > 0, 𝑡𝑓 > 𝜏(𝑡) > 𝑡0 0
[𝑡0, 𝑡𝑓) ، 𝑡0 < 𝑏 ≤ 𝑡𝑓 ، (1.22)

۔
، ?? ٔ ، [35]

[27, ٔ ۔ 12

۔ 45]

DDEs 1 .9

۔
DDEs 1 .9 .1

[𝑡𝑙, 𝑡𝑙+1]

DDE ۔
𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑦(𝑡 − 𝜏)), 𝑡 > 0, (1.23)

𝑦(0) = 𝑦0 ٔ 𝑡 ∈ [−𝜏, 0) 𝜙0(𝑡) ٔ
۔

𝑦′
1(𝑡) = 𝑓(𝑡, 𝑦1(𝑡), 𝜙0(𝑡 − 𝜏)), 0 ≤ 𝑡 ≤ 𝜏,

𝑦′
2(𝑡) = 𝑓(𝑡, 𝑦2(𝑡), 𝑦1(𝑡 − 𝜏)), 𝜏 ≤ 𝑡 ≤ 2𝜏,

⋮

𝑦′
𝑛(𝑡) = 𝑓(𝑡, 𝑦𝑛(𝑡), 𝑦𝑛−1(𝑡 − 𝜏)), (𝑛 − 1)𝜏 ≤ 𝑡 ≤ 𝑛𝜏,

(1.24)
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𝑛 ∈ ℤ+.

۔ 14
𝑦′(𝑡) = 𝑦(𝑡 − 1) (1.25)

۔ 𝑦(0) = 1 ٔ 𝑦(𝑡) = 1, ∀ 𝑡 ∈ [−1, 0] ٔ
DDEs ٔ [0, 1] ، ٔ

ODE

𝑦′
1(𝑡) = 𝜙0(𝑡 − 1)

، ٔ 𝜙0(𝑡)۔ = 1, 𝑡 ∈ [−1, 0]
۔ ∀ 𝑡 ∈ [0, 1]

𝑦′
1(𝑡) = 𝑦(0) + ∫

𝑡

0
𝜙0(𝑠 − 1)𝑑𝑠

= 𝑦(0) + ∫
𝑡

0
1𝑑𝑠

= 𝑦(0) + 𝑡

= 1 + 𝑡

[1, 2] ، [0, 1] ( 𝑦1(𝑡) ) 𝑦(𝑡)

(1.25)DDE

𝑦′
2(𝑡) = 𝑦1(𝑡 − 1)



26 .1

𝑡 ∈ [1, 2] ۔ 𝑦1(𝑡) = 1 + 𝑡, 𝑡 ∈ [0, 1] ۔ ODE

، ٔ

𝑦′
2(𝑡) = 𝑦1(1) + ∫

𝑡

1
𝑦1(𝑠 − 1)𝑑𝑠

= 𝑦1(1) + ∫
𝑡

0
(1 + 𝑡)𝑑𝑠

= 𝑦1(1) + 𝑡 + 𝑡2

2

= 2 + 𝑡 + 𝑡2

2

𝑡 ∈ [1, 2] ، ٰ ۔
𝑦2(𝑡) = 2 + 𝑡 + 𝑡2

2 .

۔
۔ ٔ

ٔ
۔
1 .9 .2

۔
𝑦′(𝑡) = 𝑐𝑦(𝑡 − 1) + 𝑓(𝑡) 𝑡 > 1, (1.26)

۔ 𝑦(𝑡) = 𝑔(𝑡) 0 ≤ 𝑡 ≤ 1 ٔ
∫

∞

1
𝑦′(𝑡)𝑒−𝑠𝑡𝑑𝑡 = ∫

∞

1
𝑦′(𝑡 − 1)𝑒−𝑠𝑡𝑑𝑡 + ∫

∞

1
𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡

𝑦(𝑡)𝑒−𝑠𝑡𝑑𝑡 − ∫
∞

1
𝑦′(𝑡)(−𝑠)𝑒−𝑠𝑡𝑑𝑡 = 𝑐 ∫

∞

0
𝑦′(𝑢)𝑒−𝑠(𝑢+1)𝑑𝑢.



27 .1

𝑦(𝑡)𝑒−𝑠𝑡 → 0𝑎𝑠𝑡 → ∞,

−𝑒−𝑠𝑦(1) + 𝑠 ∫
∞

1
𝑦(𝑡)𝑒−𝑠𝑡𝑑𝑡 = 𝑐𝑒−𝑠 ∫

1

0
𝑦(𝑢)𝑒−𝑠𝑢𝑑𝑢 + 𝑐𝑒−𝑠 ∫

∞

1
𝑦(𝑢)𝑒−𝑠𝑢𝑑𝑢.

𝑠 − 𝑐𝑒−𝑠 ≠ 0,

∫
∞

1
𝑦(𝑡)𝑒−𝑠𝑡𝑑𝑡 =

𝑐𝑒−𝑠 ∫1
0 𝑦(𝑢)𝑒−𝑠𝑢𝑑𝑢 + 𝑒−𝑠𝑦(1) + ∫∞

1 𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡
𝑠 − 𝑐𝑒−𝑠 . (1.27)

۔

𝑦(𝑡) = ∫
(𝑏)

⎛⎜
⎝

𝑐𝑒−𝑠 ∫1
0 𝑦(𝑢)𝑒−𝑠𝑢𝑑𝑢 + 𝑒−𝑠𝑦(1) + ∫∞

1 𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡
𝑠 − 𝑐𝑒−𝑠

⎞⎟
⎠

𝑒𝑠𝑡𝑑𝑠, (1.28)

۔ 𝑏 ، 𝑅𝑒(𝑠) = 𝑏 ٔ
(1.28) ، ٓ ٔ 𝑠 − 𝑐𝑒−𝑠

، ، ، [27] ۔ ٔ 𝑅𝑒(𝑠) < 𝑏

ٔ
۔

ٓ ۔

𝑦′(𝑡) = 𝑟𝑦(𝑡) + 𝑠𝑦(𝑞𝑡), 0 < 𝑞 < 1, 𝑡 ≥ 0, (1.29)

(proportional-delay) ۔ 𝑟, 𝑠, ∈ ℂ ۔
۔

، ،
BVPs،IVPs۔ ، ، ٔ ،
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ٓ ، ،
۔ ٔ

1 .10

(proportional delay)

۔
،(IVPs) ٓ ،(BVPs) ٔ ٔ ،(IVPs) ٔ ٔ

ٔ ۔
Intel i5 MATLAB 2017 ۔

۔ ٔ 16GB RAM 64

۔
1 .11

proportional delay

ٔ ، 2 ۔
ٔ ،3 ۔ (proportional delay)

ٔٔ 4 ۔
، 5 ۔

، 6 ۔ ٰ
ٓ

۔
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2

2 .1
۔ (RDEs) (Riccati)

ٔ
، ٓ ،

: Riccati ، ۔

𝑦′(𝑡) = 𝑞1(𝑡) + 𝑦(𝑡) (𝑞2(𝑡) + 𝑞3(𝑡)𝑦(𝑡)) , 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 , 𝑦(𝑡0) = 𝑦0, (2.1)

𝑦(𝑡)) 𝑦(𝑡0) 𝑡0, 𝑡𝑓 ، 𝑞3(𝑥)(≠ 0) 𝑞1(𝑡), 𝑞2(𝑡)

۔
۔ (proportional-delay) -

𝑦′(𝑡) = 𝜓(𝑡) + 𝑏𝑦(𝑡) + 𝑐𝑦(𝛼𝑡)(𝑑 − 𝑦(𝛼𝑡)), 𝑡0 ≤ 𝑡 ≤ 𝑡𝑓 , 𝑦(𝑡0) = 𝑦0, (2.2)

(2.2) 0 < 𝛼 < 1 ۔ 𝛼 ≠ 1 𝜓(𝑡) ,𝛼 > 0 ,𝑐 ≠ 0, 𝑏, 𝑑, 𝑦0 ∈ 𝐶

Picard-Lindelöf ۔ 𝛼 > 1 ،
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Riccati ۔ (2.2) (2.1)

۔ [14, 75, 90, 91]

، RDEs

، ۔
، ٔ ، ، ،

۔
physical applied

، ۔
، ، ، ،

[23, 34, 59, 76] ٔ RDEs ،
۔

ٔ ،
Riccati ۔ ٔ

variational iteration method(VIM)[38], the modified ٔ
variational iteration method(MVIM)[1], homotopy perturbation method(HPM)[16],

differential transform method(DTM)[75], Bezier curves method [40]. Reproducing

.kernel Hilbert space method(RKHSM)[49] Bezier control point method [39]

۔[23] RDEs

ٔ ، [5] ۔

Duffing [80] ۔
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Duffing

۔
RDEs

۔ RDEs

۔
ٔ ۔ ٔ

۔ ٓ ٔ ٓ

Haar 2 .2

، [Γ1, Γ2] {𝔥𝔦(𝑡)}∞
𝑖=1 Haar

:( ) Haar .( )

𝔥1(𝑡) = 𝕀[Γ1,Γ2)(𝑡). (2.3)

.( )

𝔥2(𝑡) = 𝕀[Γ1,(Γ1+Γ2)/2)(𝑡) − 𝕀[(Γ1+Γ2)/2,Γ2)(𝑡), (2.4)

𝑘 ٔ 𝑗 ، ۔ 𝕀[𝑎,𝑏](𝑡)

۔
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: ٔ Haar i-th

𝔥𝑖(𝑡) =

⎧{{{{{
⎨{{{{{⎩

1 for 𝑡 ∈ [𝜗1(𝑖), 𝜗2(𝑖))

−1 for 𝑡 ∈ [𝜗2(𝑖), 𝜗3(𝑖))

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

(2.5)

𝜗1(𝑖) = Γ1 + (Γ2 − Γ1)𝑘/2𝑗, 𝜗2(𝑖) = Γ1 + (Γ2 − Γ1)(𝑘 + 0.5)/2𝑗, 𝜗3(𝑖) =

𝑗 𝑗 = 0, 1, … , 𝐽 ,𝑖 = 2𝑗 +𝑘 +1 Γ1 +(Γ2 −Γ1)(𝑘 +1)/2𝑗.

۔ 𝑘 = 0, 1, … , 2𝑗 − 1

۔ .( )
𝑉𝑗 = 𝑠𝑝𝑎𝑛{2𝑗/2𝔥1(2𝑗𝑡 − 𝑘), 𝑡 ∈ [Γ1, Γ2]}2𝑗−1

𝑘=0 ,

𝑊𝑗 = 𝑠𝑝𝑎𝑛{2𝑗/2𝔥2(2𝑗𝑡 − 𝑘), 𝑡 ∈ [Γ1, Γ2]}2𝑗−1
𝑘=0 .

(2.6)

: ، 0 ≤ 𝐽0 < 𝐽

𝑉𝐽 = 𝑉𝐽0
⊗ 𝑊𝐽0

⊗ 𝑊𝐽0+1 ⋯ ⊗ 𝑊𝐽−1. (2.7)

∪∞
𝑗=0𝑉𝑗 = 𝐿2([Γ1, Γ2]). 𝑉0 ⊂ 𝑉1 ⊂ 𝑉2 ⋯ ⊂ 𝐿2([Γ1, Γ2]) ۔ 𝑉𝑗

ٔ 𝐿2([Γ1, Γ2]) = 𝑉0 ⨂(⨂∞
𝑗0

𝑊𝑗)

: 𝑓 ∈ 𝐿2([Γ1, Γ2])

𝑓𝑎𝑝𝑝𝑟𝑜𝑥(𝑡) ≈
2𝐽+1

∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡). (2.8)
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۔ 𝜗1(𝑖), 𝜗2(𝑖), 𝜗3(𝑖) [0, 1]

𝜗1(𝑖) = 𝑘
2𝑗 , 𝜗2(𝑖) = (𝑘 + 0.5)

2𝑗 , 𝜗3(𝑖) = (𝑘 + 1)
2𝑗 .

: Haar

𝐼1𝔥𝑖(𝑡) = ∫
𝑡

0
𝔥𝑖(𝑡)𝑑𝑡, 𝐼2𝔥𝑖(𝑡) = ∫

𝑡

0
𝐼1𝔥𝑖(𝑡)𝑑𝑡, … 𝐼𝑛𝔥𝑖(𝑡) = ∫

𝑡

0
𝐼(𝑛−1)𝔥𝑖(𝑡)𝑑𝑡.

، (2.5)

𝐼1𝔥𝑖(𝑡) =

⎧{{{{{
⎨{{{{{⎩

𝑡 − 𝜗1(𝑖) for 𝑡 ∈ [𝜗1(𝑖), 𝜗2(𝑖))

𝜗3(𝑖) − 𝑡 for 𝑡 ∈ [𝜗2(𝑖), 𝜗3(𝑖))

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

(2.9)

𝐼2𝔥𝑖(𝑡) =

⎧{{{{{{{
⎨{{{{{{{⎩

1
2(𝑡 − 𝜗1(𝑖))2 for 𝑡 ∈ [𝜗1(𝑖)𝜗2(𝑖)),

1
22𝑗+2 − 1

2(𝜗3(𝑖) − 𝑡)2, for 𝑡 ∈ [𝜗2(𝑖)𝜗3(𝑖)),

1
22𝑗+2 , for 𝑡 ∈ [𝜗3(𝑖), 1),

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(2.10)

𝑛𝑡ℎ (2.5) [0, 1] ،
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𝐼𝑛𝔥𝑖(𝑡) = 1
𝑛!

⎧{{{{{{{
⎨{{{{{{{⎩

0 for 𝑡 ∈ [0, 𝜗1(𝑖))

(𝑡 − 𝜗1(𝑖))𝑛 for 𝑡 ∈ [𝜗1(𝑖), 𝜗2(𝑖))

(𝑡 − 𝜗1(𝑖))𝑛 − 2(𝑡 − 𝜗2(𝑖))𝑛 for 𝑡 ∈ [𝜗2(𝑖), 𝜗3(𝑖))

(𝑡 − 𝜗1(𝑖))𝑛 − 2(𝑡 − 𝜗2(𝑖))𝑛 + (𝑡 − 𝜗3(𝑖))𝑛 for 𝑡 ∈ [𝜗3(𝑖), 1).
(2.11)

(2.3) 𝐼𝑛𝔥𝑖 𝑛𝑡ℎ ، 𝑖 = 1

۔

𝐼𝑛𝔥𝑖(𝑡) = 𝑡𝑛

𝑛!. (2.12)

2 .3

، Haar ، (2.2) (2.1)

𝑦′(𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡). (2.13)

𝑡 0 (2.13) 𝑡

𝑦(𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡) + 𝑦(0), (2.14)
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𝑦′(𝛼𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝔥𝑖(𝛼𝑡), (2.15)

𝑦(𝛼𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝛼𝑡) + 𝑦(0). (2.16)

𝑡𝑙 = (𝑙−0.5)
2𝑀 , 𝑙 =collocation points (2.2) (2.16)،(2.15) ، (2.1) (2.14)،(2.13)

1, 2, … , 2𝑀

2𝑀
∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡𝑙) = 𝑞1(𝑡𝑙) + [
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡𝑙) + 𝑦(0)] 𝑞2(𝑡𝑙)

+𝑞3(𝑡𝑙) [
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡𝑙) + 𝑦(0)] [
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡𝑙) + 𝑦(0)] ,

(2.17)

2𝑀
∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡𝑙) = 𝜓(𝑡𝑙) + 𝑏 [
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡𝑙) + 𝑦(0)]

+𝑐 [
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝛼𝑡𝑙) + 𝑦(0)] [𝑑 − (
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝛼𝑡𝑙) + 𝑦(0))] .

(2.18)

،
(2.2) (2.1) (2.14) (2.13) (2.17) 𝑎,

𝑖𝑠
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۔

Haar 2 .3 .1

ٔ ٔ [0, 1) 𝑤(𝑡) 1 .2 .3 (Lemma)

۔ 𝐽𝑡ℎ ،

‖𝑒𝑗(𝑡)‖ ≤ √𝐾
7 𝐶2−(3)2𝐽−1 (2.19)

۔ 𝐾, 𝐶

[9] 1
2 .4

Riccati Riccati ٔ
۔

، ۔ ٔ
۔ ٔ [68] 𝑅𝑐(𝐽)

- Riccati (quadratic)

۔ Riccati

𝑅𝑐(𝐽) = 𝑙𝑜𝑔[𝐸𝑐(𝐽 − 1)/𝐸𝑐(𝐽)]
𝑙𝑜𝑔(2) , (2.20)

۔ 𝐽 ، error𝐸𝑐(𝐽)

[40] ۔ Riccati (quadratic) 1۔ ٔ
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1)۔ ٔ ) ٰ

𝐽 :2 .1

ٰ
𝐽

1.4654𝐸 − 14 2
1.1546𝐸 − 14 3
3.1086𝐸 − 15 4
2.6645𝐸 − 15 5
3.5527𝐸 − 15 6
8.8818𝐸 − 16 7

ٔ

𝑦′(𝑡) = 16𝑡2 − 5 + 8𝑡𝑦(𝑡) + 𝑦2(𝑡), 0 ≤ 𝑡 ≤ 1, 𝑦(0) = 1. (2.21)

ٔ ۔ 𝑦(𝑡) = 1 − 4𝑡 (2.21)

۔
𝑎1 = −4.000000, 𝑎2 = 0.000000, 𝑎3 = Haar 𝐽 = 2

0.000000, 𝑎4 = 0.000000, 𝑎5 = 0.000000, 𝑎6 = 0.000000, 𝑎7 = 0.000000, 𝑎8 =

۔ −4 𝑎1 ۔ 0.000000

−4𝑡+1 𝑎1𝐼1ℎ1(𝑡)+𝑦(0)۔ (2.14) ۔
۔ 2 .1 ۔

ٔ ۔
2 .2 [40]

𝐽 = 3 ۔ ٔ ٔ
2 .1

۔
۔ 2۔ ٔ
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۔ ٰ 1 ٔ 𝐽 = 3 :2 .2

[40] Bezier
5.3714𝐸 − 04 5.3735𝐸 − 14

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

Haar

Exact

۔ 𝐽 = 3 :2 .1

𝑦′(𝑡) = 𝑒𝑡 − 𝑒3𝑡 + 2𝑒2𝑡𝑦(𝑡) − 𝑒𝑡𝑦2(𝑡), 0 ≤ 𝑡 ≤ 1, 𝑦(0) = 1 (2.22)

2 .3 ۔ [40] 𝑦(𝑡) = 𝑒𝑡 (2.22)

2 .3 ۔ ٔ ٔ
𝐽 = 4 ۔ [40] Bezier Curves 2 .5 ۔

۔ ۔ 2 .2
۔

۔ 3۔ ٔ
𝑦′(𝑡) = 𝑦(𝑡) − 50𝑡𝑦2 + 𝑓(𝑡), 0 ≤ 𝑡 ≤ 1, 𝑦(0) = 1. (2.23)
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(2 ٔ ) ۔3. 2: 𝐽 = 6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6 Haar

Exact

:2 .2

2)۔ ٔ )

𝐽 :2 .4

4)۔ ٔ )
ٰ

𝐽
3.1062𝐸 − 03 5
7.8308𝐸 − 04 6
1.9648𝐸 − 04 7
4.9204𝐸 − 05 8
1.2307𝐸 − 05 9
3.0790𝐸 − 06 10

𝐽 :2 .3

2)۔ ٔ )
ٰ

𝐽
2.5841𝐸 − 04 4
6.5049𝐸 − 05 5
1.6315𝐸 − 05 6
4.0855𝐸 − 06 7
1.0238𝐸 − 06 8
2.5889𝐸 − 07 9

۔ ٰ 2 ٔ 𝐽 = 5 :2 .5

[40] Bezier
8.0175𝐸 − 04 6.5049𝐸 − 05



40 .2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
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1 Haar

Exact

3)۔ ٔ ) :2 .4

𝐽 = ۔ 𝑦(𝑡) = 1
1+25𝑡2 (2.23) 𝑓(𝑡)

۔ 4, 5, 6, 7, 8, 9

۔ 10−6 𝐽 = 9 10−3 ٓ 𝐽 = 4

،
[68] ) ٔ ، 2

۔ 2 .4 ، ٓ )۔
۔ 4۔ ٔ

𝑦′(𝑡) = 1 − 2𝑦2( 𝑡
2), 0 ≤ 𝑡 ≤ 2𝜋, 𝑦(0) = 0. (2.24)

𝛼 = 1/2, ٔ ۔ [23]𝑦(𝑡) = 𝑠𝑖𝑛(𝑡) (2.24)

ٔ ٔ ۔
𝐽 = ۔5 ٔ ٔ 2 .4 ۔
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0 1 2 3 4 5 6

-1

-0.5

0

0.5

1

Haar

Exact

4)۔ ٔ ) :2 .5

3.0790𝐸− 𝐽 = 10 ۔ 2 .5
۔ 𝐽 06

۔ 5۔ ٔ
𝑦′(𝑡) = 1

4𝑦(𝑡) + 𝑦( 𝑡
2)(1 − 𝑦( 𝑡

2)), 0 ≤ 𝑡 ≤ 1, 𝑦(0) = 1. (2.25)

(2.25)

۔
𝑦(𝑡) = 1

2 + 1
2𝑐𝑜𝑠(

√
2𝑡
4 ) +

√
2

2 𝑠𝑖𝑛(
√

2𝑡
4 ).

، (2.25) ،
2𝑀
∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡𝑙)−
1
4 [

2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡𝑙) + 1]−[
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(
𝑡𝑙
2 ) + 1] [1 − (

2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(
𝑡𝑙
2 ) + 1)] = 0.

(2.26)

𝑎𝑖 Haar coefficients ، (2.26)

(2.25) (2.14) 𝑦(0) = 1 ٔ ٔ 𝑎𝑖 ۔
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𝐽 :2 .7

6)۔ ٔ ) ٰ
ٰ

𝐽
5.8484𝐸 − 04 4
1.5242𝐸 − 04 5
3.8914𝐸 − 05 6
9.8315𝐸 − 06 7
2.4709𝐸 − 06 8
6.1935𝐸 − 07 9

𝐽 :2 .6

5)۔ ٔ ) ٰ
ٰ

𝐽
3.0352𝐸 − 05 3
7.6091𝐸 − 06 4
1.9048𝐸 − 06 5
4.7652𝐸 − 07 6
1.1917𝐸 − 07 7
7.4500𝐸 − 09 8
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(5 ٔ ) ۔7. 2: 𝐽 = 10
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1.25

Haar

Exact

:2 .6

5)۔ ٔ )

ٔ 2 .6 𝐽 ۔
𝐽 = 3 ، ٓ ۔ 7.4500𝐸 − 09 𝐽 = 8 ٔ

𝐽 ۔ 2 .6
۔

۔ 6۔ ٔ
𝑦′(𝑡) = −1

8𝑦(𝑡) + 𝑦( 𝑡
2)(1 − 𝑦( 𝑡

2)), 0 ≤ 𝑡 ≤ 4𝜋, 𝑦(0) = 1
4. (2.27)
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Exact

6)۔ ٔ ) :2 .8

ٔ ۔ Riccati (2.27)

𝑦(𝑡) = 1
2 − 1

4𝑐𝑜𝑠(
√

5𝑡
8 ) +

√
5

4 𝑠𝑖𝑛(
√

5𝑡
8 ).

𝐽 3
2 .7 ۔ 2 .7

10−7 ٓ 10−4 ۔
[68] ٔ 2

۔ 2 .8 𝐽 = 4 ۔
2 .5

-
۔ ٔ ٔ

Bezier Curves ٔ
۔ ٓ
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3
ٔ ٔ

۔ ٔ
3 .1

۔ ٔ ٔ (BVPs) ٔ ٔ
ٔ ٓ ٔ

ٔ ۔ ٔ
,[58] ,[42]

، [12] ٔ ، [47]

ٓ BVPs

[69] ٔ BVPs ۔
21 ۔

، ٔ ، ۔
۔ ، ٔ

ٔ ٔ
۔

𝑦″(𝑡) = Ω(𝑡, 𝑦(𝑡), 𝑦(𝑞𝑡), 𝑦′(𝑡), 𝑦′(𝑞𝑡)), 𝑡 ∈ [0, 1],

𝑦(0) = 𝜁1, 𝑦(1) = 𝜁2

(3.1)
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(pro- ۔ 𝜁1, 𝜁2 𝑞 ∈ (0, 1)

۔ portional delay)

ٔ ٓ
، ، ۔
، ، ، ، ،

، ,13]۔ 35, 36, 111] ، ، ٔ
، ۔

ٔ [3] ٔ ۔
- ۔ ٔ

۔ [61]

homotopy perturbation ۔
۔ ، [100]۔ (HPM)

HPM VIM ۔ [93] (VIM) Lagrange multipliers

۔ ، ٔ
ٔ [99] adomain decomposition

[96] ۔
ٓ [96] ۔ Chebyshev

ٓ ٔ
[15, 33, 112, 115] ۔

proportional delay ۔
ٔ ٔ ۔ ٔ

ٔ ٔ
ٔ ٔ ٔ ۔
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ٰ ، ، ٓ ۔ ٔ
۔

3 .2

: ٔ ٔ ٔ

𝑦″(𝑡) = Ω(𝑡, 𝑦(𝑡), 𝑦(𝑞𝑡), 𝑦′(𝑡), 𝑦′(𝑞𝑡)), 𝑡 ∈ [0, 1],

ٔ
𝑦(0) = 𝜁1, 𝑦(1) = 𝜁2,

.

(3.2)

، ۔ 𝜁1, 𝜁2 𝑞 ∈ (0, 1)

: 𝑦″(𝑡) ٔ

𝑦″(𝑡) =
2𝐽+1

∑
𝑖=0

𝑎𝑖𝔥𝑖(𝑡). (3.3)

، 0 𝑡𝑜 𝑡 (3.3)

𝑦′(𝑡) =
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼1𝔥𝑖(𝑡) + 𝑦′(0). (3.4)

،
𝑦(𝑡) =

2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(𝑡) + 𝑦′(0)𝑡 + 𝑦(0). (3.5)
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،𝑡 𝑡𝑜 1 (3.4) ۔ (3.5) (3.4) 𝑦′(0)

− 𝑦(𝑡) =
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) −
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(𝑡) + 𝑦′(0)(1 − 𝑡) − 𝑦(1). (3.6)

، (3.6) (3.5) ،
𝑦′(0) = −

2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝑦(0) + 𝑦(1).

(3.5) 𝑦′(0), 𝑦(0) = 𝜁1, 𝑦(1) = 𝜁2

۔
𝑦(𝑡) =

2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(𝑡) + (−
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝜁1 + 𝜁2)𝑡 + 𝜁1. (3.7)

،
𝑦(𝑞𝑡) =

2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(𝑞𝑡) + (−
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝜁1 + 𝜁2)(𝑞𝑡) + 𝜁1. (3.8)

𝑦′(0) = − ∑2𝐽+1

𝑖=0 𝑎𝑖𝐼2𝔥𝑖(1) − 𝑦(0) + 𝑦(1), 𝑦(0) = 𝜁1, 𝑦(1) = 𝜁2 ،
، (3.4)

𝑦′(𝑡) =
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼1𝔥𝑖(𝑡) −
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝜁1 + 𝜁2, (3.9)

𝑦′(𝑞𝑡) =
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼1𝔥𝑖(𝑞𝑡) −
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝜁1 + 𝜁2. (3.10)

۔ ، (3.2) (3.10) (3.7) (3.3)
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2𝐽+1

∑
𝑖=0

𝑎𝑖𝔥𝑖(𝑡) = Ω(𝑡, [
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(𝑡) + (−
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝜁1 + 𝜁2)𝑡 + 𝜁1],

[
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(𝑞𝑡) + (−
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝜁1 + 𝜁2)(𝑞𝑡) + 𝜁1], [
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼1𝔥𝑖(𝑡) −
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝜁1 + 𝜁2],

[
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼1𝔥𝑖(𝑞𝑡) −
2𝐽+1

∑
𝑖=0

𝑎𝑖𝐼2𝔥𝑖(1) − 𝜁1 + 𝜁2]).

(3.11)

𝑎,
𝑖𝑠 ٔ ٔ

𝑎,
𝑖𝑠 ٔ ۔

۔ (3.7)

3 .3

۔ ٔ ٔ 1۔ ٔ
𝑦″(𝑡) − 1 − 2(1 + 𝑡2/8)𝑐𝑜𝑠(𝑡/2) + 2𝑐𝑜𝑠(𝑡/2)𝑦(𝑡/2) = 0, 𝑡 ∈ [0, 1],

ٔ
𝑦(0) = 1, 𝑦(1) = 3

2 + 𝑠𝑖𝑛(1)

.
(3.12)

۔ 𝑦(𝑡) = 𝑡2
2 + 𝑠𝑖𝑛(𝑡) + 1 ٔ

۔ ٔ ٔ 2۔ ٔ
𝑦″(𝑡) + 2𝑒−𝑡 − 𝑦(𝑡)/2 − 𝑒−𝑡/2𝑦(𝑡/2) = 0, 𝑡 ∈ [0, 1],

ٔ
𝑦(0) = 0, 𝑦(1) = 𝑒−1,

.
(3.13)
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۔ 𝑦(𝑡) = 𝑡𝑒−𝑡 ٔ
۔ ٔ ٔ 3۔ ٔ

𝑦″(𝑡) − 4𝑒−𝑡/2𝑠𝑖𝑛(𝑡/2)𝑦(𝑡/2) = 0, 𝑡 ∈ [0, 1],

ٔ
𝑦(0) = 1, 𝑦(1) = 𝑒−1𝑐𝑜𝑠(1),

.
(3.14)

۔ 𝑦(𝑡) = 𝑒−𝑡𝑐𝑜𝑠(𝑡) ٔ
۔ ٔ ٔ 4۔ ٔ

𝑦″(𝑡) − ([𝑦(𝑡)]2 + [𝑦(𝑡)]3)𝑦(𝑡/2) = 0, 𝑡 ∈ [0, 1],

ٔ
𝑦(0) = 1, 𝑦(1) = 1/2,

.
(3.15)

۔ 𝑦(𝑡) = 1
𝑡+1 ٔ ٔ

۔ ٔ ٔ ٔ ٔ ٓ 5۔ ٔ
𝑦″(𝑡) − 𝑦′(𝑡)𝑦(𝑡/2) + 8𝑡2𝑦(𝑡/2) + ⊖(𝑡) = 0, 𝑡 ∈ [0, 1],

ٔ
𝑦(0) = 1, 𝑦(1) = 3,

.
(3.16)
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2 ٔ :3 .2
𝐽 = 5
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1 ٔ :3 .1
𝐽 = 5
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4 ٔ :3 .4
𝐽 = 5
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t
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0.9

1

Approximate solution
Exact solution

3 ٔ :3 .3
𝐽 = 5

𝑦(𝑡) = ٔ ٔ ⊖(𝑡)
۔ 1 + 𝑡 + 𝑡3

ٔ 3 .4

۔ ٔ
3 .8-3 .1 ٔ ۔ (𝐽) ٔ ٓ

3 .3 ۔ (𝐽 ) 3 .1 ۔ ٔ
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10-3 10-2 10-1 100

1.2

1.4
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2.2
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2.6

2.8 Approximate solution
Exact solution

𝐽 = 5 5 ٔ :3 .5

۔ 5 1 ٔ :3 .1

5 ٔ 4 ٔ 3 ٔ 2 ٔ 1 ٔ 𝐽
2.6907𝐸 − 03 9.4871𝐸 − 04 5.8345𝐸 − 04 5.5835𝐸 − 04 1.5997𝐸 − 04 1
6.6283𝐸 − 04 2.7026𝐸 − 04 1.6306𝐸 − 04 1.5644𝐸 − 04 4.4574𝐸 − 05 2
1.6553𝐸 − 04 7.0508𝐸 − 05 4.1522𝐸 − 05 3.9757𝐸 − 05 1.1324𝐸 − 05 3
4.1311𝐸 − 05 1.7787𝐸 − 05 1.0454𝐸 − 05 1.0014𝐸 − 05 2.8500𝐸 − 06 4
1.0331𝐸 − 05 4.4582𝐸 − 06 2.6172𝐸 − 06 2.5082𝐸 − 06 7.1382𝐸 − 07 5
2.5828𝐸 − 06 1.1152𝐸 − 06 6.5449𝐸 − 07 6.2735𝐸 − 07 1.7831𝐸 − 07 6
6.4569𝐸 − 07 2.7884𝐸 − 07 1.6362𝐸 − 07 1.5692𝐸 − 07 4.4275𝐸 − 08 7
1.6142𝐸 − 07 6.9712𝐸 − 08 4.0890𝐸 − 08 3.9226𝐸 − 08 1.1342𝐸 − 08 8
4.0355𝐸 − 08 1.7427𝐸 − 08 1.0218𝐸 − 08 9.8905𝐸 − 09 2.6235𝐸 − 09 9
1.0088𝐸 − 08 4.3559𝐸 − 09 2.5589𝐸 − 09 2.4508𝐸 − 09 6.9708𝐸 − 10 10

۔ :3 .2

[17]Bica HWS ٔ
6.9097𝐸 − 07 at ℎ = 𝜋

400 1.7831𝐸 − 07 at 𝐽 = 6 1
6.9100𝐸 − 09 at ℎ = 𝜋

4000 6.9708𝐸 − 10 at 𝐽 = 10 1
1.2770𝐸 − 08 at ℎ = 1

1000 9.8905𝐸 − 09 at 𝐽 = 9 2
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۔ 5 1 ٔ 𝑅𝑐 = 𝑙𝑜𝑔( 𝑒𝑟𝑟𝑜𝑟(𝐽−1)
𝑒𝑟𝑟𝑜𝑟(𝐽) )
𝑙𝑜𝑔(2) :3 .3

5 ٔ 4 ٔ 3 ٔ 2 ٔ 1 ٔ 𝐽
− − − − − − − −− − − − − −− − − − − −− − − − − −− 1

2.0213 1.8116 1.8392 1.8356 1.8435 2
2.0015 1.9385 1.9735 1.9763 1.9768 3
2.0025 1.9870 1.9898 1.9892 1.9903 4
1.9995 1.9963 1.9980 1.9973 1.9973 5
2.0000 1.9992 1.9996 1.9993 2.0012 6
2.0000 1.9998 2.0000 1.9992 2.0098 7
2.0000 2.0000 2.0005 2.0001 1.9648 8
2.0000 2.0001 2.0006 1.9877 2.1121 9
2.0001 2.0003 1.9975 2.0128 1.9121 10

۔ 𝐽 = 6 :3 .4

1 ٔ
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| 𝑦𝑎𝑝𝑝𝑟𝑜𝑥 𝑦𝑒𝑥𝑎𝑐𝑡 t

4.9295𝐸 − 08 1108 .1 1108 .1 1 .0
9.3465𝐸 − 08 2270 .1 2270 .1 2 .0
1.2867𝐸 − 07 3415 .1 3415 .1 3 .0
1.5786𝐸 − 07 4725 .1 4725 .1 4 .0
1.7498𝐸 − 07 6098 .1 6098 .1 5 .0
1.7727𝐸 − 07 7524 .1 7524 .1 6 .0
1.6214𝐸 − 07 8995 .1 8995 .1 7 .0
1.3054𝐸 − 07 0385 .2 0385 .2 8 .0
7.5335𝐸 − 08 1919 .2 1919 .2 9 .0

۔ 𝐽 = 6 :3 .5

2 ٔ
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| 𝑦𝑎𝑝𝑝𝑟𝑜𝑥 𝑦𝑒𝑥𝑎𝑐𝑡 t

2.8670𝐸 − 07 9.4912𝐸 − 02 9.4912𝐸 − 02 1 .0
4.7186𝐸 − 07 1.6832𝐸 − 01 1.6832𝐸 − 01 2 .0
5.7505𝐸 − 07 2.2265𝐸 − 01 2.2265𝐸 − 01 3 .0
6.2395𝐸 − 07 2.6907𝐸 − 01 2.6907𝐸 − 01 4 .0
6.1674𝐸 − 07 3.0444𝐸 − 01 3.0444𝐸 − 01 5 .0
5.6142𝐸 − 07 3.3048𝐸 − 01 3.3048𝐸 − 01 6 .0
4.6471𝐸 − 07 3.4864𝐸 − 01 3.4864𝐸 − 01 7 .0
3.4350𝐸 − 07 3.5953𝐸 − 01 3.5953𝐸 − 01 8 .0
1.8183𝐸 − 07 3.6601𝐸 − 01 3.6601𝐸 − 01 9 .0
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۔ 𝐽 = 6 :3 .6

3 ٔ
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| 𝑦𝑎𝑝𝑝𝑟𝑜𝑥 𝑦𝑒𝑥𝑎𝑐𝑡 t

3.0232𝐸 − 07 8.9490𝐸 − 01 8.9490𝐸 − 01 1 .0
4.9807𝐸 − 07 7.9563𝐸 − 01 7.9563𝐸 − 01 2 .0
6.0542𝐸 − 07 7.0701𝐸 − 01 7.0701𝐸 − 01 3 .0
6.5268𝐸 − 07 6.1535𝐸 − 01 6.1535𝐸 − 01 4 .0
6.3862𝐸 − 07 5.2907𝐸 − 01 5.2907𝐸 − 01 5 .0
5.7344𝐸 − 07 4.4879𝐸 − 01 4.4879𝐸 − 01 6 .0
4.6661𝐸 − 07 3.7491𝐸 − 01 3.7491𝐸 − 01 7 .0
3.3853𝐸 − 07 3.1255𝐸 − 01 3.1255𝐸 − 01 8 .0
1.7510𝐸 − 07 2.5139𝐸 − 01 2.5139𝐸 − 01 9 .0

۔ 𝐽 = 6 :3 .7

4 ٔ
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| 𝑦𝑎𝑝𝑝𝑟𝑜𝑥 𝑦𝑒𝑥𝑎𝑐𝑡 t

7.0007𝐸 − 07 9.0459𝐸 − 01 9.0459𝐸 − 01 1 .0
1.0092𝐸 − 06 8.2848𝐸 − 01 8.2848𝐸 − 01 2 .0
1.1088𝐸 − 06 7.6877𝐸 − 01 7.6877𝐸 − 01 3 .0
1.0937𝐸 − 06 7.1309𝐸 − 01 7.1309𝐸 − 01 4 .0
9.9756𝐸 − 07 6.6493𝐸 − 01 6.6494𝐸 − 01 5 .0
8.4864𝐸 − 07 6.2287𝐸 − 01 6.2287𝐸 − 01 6 .0
6.6355𝐸 − 07 5.8581𝐸 − 01 5.8581𝐸 − 01 7 .0
4.6913𝐸 − 07 5.5531𝐸 − 01 5.5531𝐸 − 01 8 .0
2.3844𝐸 − 07 5.2567𝐸 − 01 5.2567𝐸 − 01 9 .0

۔ 𝐽 = 6 :3 .8

5 ٔ
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| 𝑦𝑎𝑝𝑝𝑟𝑜𝑥 𝑦𝑒𝑥𝑎𝑐𝑡 𝑡

7.4140𝐸 − 07 1066 .1 1066 .1 1 .0
1.3630𝐸 − 06 2159 .1 2159 .1 2 .0
1.8446𝐸 − 06 3280 .1 3280 .1 3 .0
2.2490𝐸 − 06 4675 .1 4675 .1 4 .0
2.5062𝐸 − 06 6319 .1 6319 .1 5 .0
2.5806𝐸 − 06 8274 .1 8274 .1 6 .0
2.4239𝐸 − 06 0605 .2 0605 .2 7 .0
2.0191𝐸 − 06 3143 .2 3143 .2 8 .0
1.2202𝐸 − 06 6371 .2 6371 .2 9 .0



54 ۔ ٔ ٔ ٔ .3

ٔ
𝑅𝑐 =

log(𝐸𝐽−1
𝐸𝐽

)
log(2) ,

ٔ 3 .3 ، ۔ 𝐽 𝐸𝐽

ٔ ، [67] 2 ٔ
۔ 3 .5-3 .1

۔ 3 .2
3 .5

ٔ ٔ
[17] ٔ ٓ ٔ ۔

۔
MATLAB 2017 ۔ ٔ

۔
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4
ٔ

4 .1
ٔ ،

: (HWSM)

𝑦′
1(𝑡) = Ω1(𝑡, 𝑦1(𝑡), 𝑦2(𝑡), … , 𝑦𝑛(𝑡), 𝑦1(𝑞1𝑡), 𝑦2(𝑞2𝑡), … , 𝑦𝑛(𝑞𝜆𝑡))

𝑦′
2(𝑡) = Ω2(𝑡, 𝑦1(𝑡), 𝑦2(𝑡), … , 𝑦𝑛(𝑡), 𝑦1(𝑞1𝑡), 𝑦2(𝑞2𝑡), … , 𝑦𝑛(𝑞𝜆𝑡))

⋮

𝑦′
𝑛(𝑡) = Ω𝑛(𝑡, 𝑦1(𝑡), 𝑦2(𝑡), … , 𝑦𝑛(𝑡), 𝑦1(𝑞1𝑡), 𝑦2(𝑞2𝑡), … , 𝑦𝑛(𝑞𝜆𝑡))

𝑦𝜎(0) = 𝑦𝜎0, 𝜎 = 1, 2, … , 𝑛,

(4.1)

۔ 𝑞𝜎
,𝑠 ∈ (0, 1), 𝜎 = 1, 2, … , 𝑛. ۔ Ω𝜎

,𝑠

، ، ٔ ٔ
ٔ ۔ ، ٔ ،

۔
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۔

4 .2

(4.1) ٔ ،
۔

𝑦′
1(𝑡) =

2𝐽+1

∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡),

𝑦′
2(𝑡) =

2𝐽+1

∑
𝑖=1

𝑏𝑖𝔥𝑖(𝑡),

⋮

𝑦′
𝑛(𝑡) =

2𝐽+1

∑
𝑖=1

𝑐𝑖𝔥𝑖(𝑡),

(4.2)

۔ 𝑎𝑖
,𝑠, 𝑏𝑖

,𝑠 … 𝑐𝑖
,𝑠

۔ ، (4.2) ،

𝑦1(𝑡) =
2𝐽+1

∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡) + 𝑦1(0),

𝑦2(𝑡) =
2𝐽+1

∑
𝑖=1

𝑏𝑖𝐼1𝔥𝑖(𝑡) + 𝑦2(0),

⋮

𝑦𝑛(𝑡) =
2𝐽+1

∑
𝑖=1

𝑐𝑖𝐼1𝔥𝑖(𝑡) + 𝑦𝑛(0).

(4.3)



57 ٔ .4
،

𝑦1(𝑞1𝑡) =
2𝐽+1

∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑞1𝑡) + 𝑦1(0),

𝑦2(𝑞2𝑡) =
2𝐽+1

∑
𝑖=1

𝑏𝑖𝐼1𝔥𝑖(𝑞2𝑡) + 𝑦2(0),

⋮

𝑦𝑛(𝑞𝑛𝑡) =
2𝐽+1

∑
𝑖=1

𝑐𝑖𝐼1𝔥𝑖(𝑞𝑛𝑡) + 𝑦𝑛(0),

(4.4)

، ۔ 𝑞𝜎
,𝑠 ∈ (0, 1), 𝜎 = 1, 2, … , 𝑛. ٔ 𝑦𝜎(0),𝑠

(4.4) (4.2), (4.3) (4.1)

۔ ٔ (4.3) ٓ

4 .3

.𝐽 :
.𝑡𝑙 = (𝑙−0.5)

2𝐽+1 , 𝑙 = 1, 2, 3 … 2𝐽+1 ۔ :1

۔ 𝐼1𝔥𝑖 𝔥𝑖 (2.11) (2.5) :2

۔ 𝑖 𝜎 = 1, 2, … 𝑛 𝑦′
𝜎(𝑡) = ∑2𝐽+1

𝑖=1 (𝑎𝑖)𝜎𝔥𝑖(𝑡) :3

3 𝑡 0 :4

𝑦𝜎(𝑡) =
2𝐽+1

∑
𝑖=1

(𝑎𝑖)𝜎𝐼1𝔥𝑖(𝑡) + 𝑦𝜎(0), 𝜎 = 1, 2, … , 𝑛



58 ٔ .4
۔

𝑦′
𝜎(𝑡),𝑠, 𝑦𝜎(𝑡),𝑠 , … , 𝑦𝜎(𝑞𝜎𝑡),𝑠 collocation (4.1) :5

(𝑎𝑖)1, (𝑎𝑖)2, … , (𝑎𝑖)𝑛 ،
۔

۔ (𝑎𝑖)1, (𝑎𝑖)2, … , (𝑎𝑖)𝑛 :6

(𝑎𝑖)1, (𝑎𝑖)2, … , (𝑎𝑖)𝑛 4 - 𝑦1(𝑡), 𝑦2(𝑡), … , 𝑦𝑛(𝑡) :7
۔

۔ 𝑦1(𝑡𝑙), 𝑦2(𝑡𝑙), … , 𝑦𝑛(𝑡𝑙) : ٔ ٓ
ٓ 4 .4

۔ ٔ
۔ :1 ٔ

⎧{{{{{
⎨{{{{{⎩

𝑦′
1(𝑡) = 𝑦1(𝑡/2) + 𝑦1(𝑡) − 𝑦2(𝑡) + 𝑒𝑥𝑝(−𝑡) − 𝑒𝑥𝑝(𝑡/2)

𝑦′
2(𝑡) = −𝑦1(𝑡/2) − 𝑦1(𝑡) − 𝑦2(𝑡) + 𝑒𝑥𝑝(𝑡) + 𝑒𝑥𝑝(𝑡/2)

𝑤𝑖𝑡ℎ 𝑦1(0) = 𝑦2(0) = 1, 0 ≤ 𝑡 ≤ 1.

(4.5)

۔ 𝑦1(𝑡) = exp(𝑡), 𝑦2(𝑡) = exp(−𝑡)

۔ ٔ
4 .1 ۔ ٔ 4 .1 (MAE)

4 .1 ، ۔ ، 𝑂(10−7) 𝑂(10−2)
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۔ 1 ٔ :4 .1

۔
۔ :2 ٔ

⎧{{{{{
⎨{{{{{⎩

𝑦′
1(𝑡) = exp(𝑡/2)𝑦2(𝑡/2) + 𝑦1(𝑡)

𝑦′
2(𝑡) = exp(𝑡/2)𝑦1(𝑡/2) + 𝑦2(𝑡)

𝑤𝑖𝑡ℎ 𝑦1(0) = 𝑦2(0) = 1, 0 ≤ 𝑡 ≤ 1.

(4.6)

۔ 𝑦1(𝑡) = exp(𝑡), 𝑦2(𝑡) = exp(𝑡).

۔ ٔ
4 .2 ۔ ٔ 4 .1 (MAE)

4 .4 ، ۔



60 ٔ .4
۔ 𝐽 :4 .1

2 ٔ 1 ٔ
𝑦2(𝑡) MAE 𝑦1(𝑡) MAE 𝑦2(𝑡) MAE 𝑦1(𝑡) MAE 𝐽

7.3000𝐸 − 03 7.3000𝐸 − 03 5.4000𝐸 − 03 1.3000𝐸 − 02 0 .2
1.9007𝐸 − 03 1.9007𝐸 − 03 1.4267𝐸 − 03 3.4187𝐸 − 03 0 .3
4.8190𝐸 − 04 4.8190𝐸 − 04 3.6790𝐸 − 04 8.7870𝐸 − 04 0 .4
1.2170𝐸 − 04 1.2170𝐸 − 04 9.3500𝐸 − 05 2.2290𝐸 − 04 0 .5
3.0570𝐸 − 05 3.0580𝐸 − 05 2.3570𝐸 − 05 5.6150𝐸 − 05 0 .6
7.6620𝐸 − 06 7.6620𝐸 − 06 5.9200𝐸 − 06 1.4090𝐸 − 05 0 .7
1.9180𝐸 − 06 1.9180𝐸 − 06 1.4820𝐸 − 06 3.5290𝐸 − 06 0 .8
4.7980𝐸 − 07 4.7980𝐸 − 07 3.7090𝐸 − 07 8.8310𝐸 − 07 0 .9

۔ 2 ٔ :4 .2

۔
: :3 ٔ

⎧{{{{{{{
⎨{{{{{{{⎩

𝑦′
1(𝑡) = 2𝑦2(𝑡/2) + 𝑦3(𝑡) + 𝑡𝑐𝑜𝑠(𝑡/2)

𝑦′
2(𝑡) = −2𝑦2

3(𝑡) + 1 − 𝑡𝑠𝑖𝑛(𝑡)

𝑦′
3(𝑡) = 𝑦2(𝑡) − 𝑦1(𝑡) − 𝑡𝑐𝑜𝑠(𝑡)

𝑤𝑖𝑡ℎ 𝑦1(0) = −1, 𝑦2(0) = 𝑦3(0) = 0, 0 ≤ 𝑡 ≤ 1.

(4.7)
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𝐽 ۔4. 4: (2 ٔ ) 𝐽 ۔3. 4: (1 ٔ )
3)۔ ٔ ) (MAE) 𝐽 :4 .2

𝑦3(𝑡) MAE 𝑦2(𝑡) MAE 𝑦1(𝑡) MAE 𝐽
3.1668𝐸 − 03 2.0504𝐸 − 03 1.9167𝐸 − 03 2
8.0760𝐸 − 04 5.1360𝐸 − 04 4.8600𝐸 − 04 3
2.0340𝐸 − 04 1.2850𝐸 − 04 1.2190𝐸 − 04 4
5.1000𝐸 − 05 3.2120𝐸 − 05 3.0510𝐸 − 05 5
1.2770𝐸 − 05 8.0300𝐸 − 06 7.6300𝐸 − 06 6
3.1930𝐸 − 06 2.0070𝐸 − 06 1.9070𝐸 − 06 7
7.9860𝐸 − 07 5.0190𝐸 − 07 4.7680𝐸 − 07 8
1.9970𝐸 − 07 1.2550𝐸 − 07 1.1920𝐸 − 07 9

۔ 𝑦1(𝑡) = −𝑐𝑜𝑠(𝑡), 𝑦2(𝑡) = 𝑡𝑐𝑜𝑠(𝑡), 𝑦1, (𝑡) = 𝑠𝑖𝑛(𝑡)

ٔ
۔ 4 .5 3 ٔ ۔

۔
4 .6 ، ۔ 4 .2

𝑂(10−2) ، ۔ 𝐽

۔ ٔ 𝑂(10−7)



62 ٔ .4

۔ 3 ٔ :4 .5

۔ ( 3 ٔ ) 𝐽 :4 .6



63 ٔ .4

4 .5

ٔ
، ۔ ٔ

ٔ ٔ ٔ ۔ ٔ
۔
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5
ٔ

۔ ٔ
5 .1

ٓ 1851 ۔
[79] ٔ ۔

۔

، ، ٓ ,19]۔ 35, 36]

۔ [35] ٔ ، ،
[79] ٔ

۔
) -𝑧 ۔ -𝑧 ٔ

ٔ ، (
ٓ ۔

۔



65 ۔ ٔ ٔ .5

، ۔
One leg-𝜃 , [25] variational iteration ۔

Reproducing kernel Hilbert space ،[108] Two-stage R-K ,[106]

Perturbed،[20] Adomain decomposition،[53] ،[64](RKHSM)

ٔ [10] iteration

[8] ، ۔
۔ ٔ

Bernoulli,Hermite Polynomials,Chebyshev Polynomials

[63, 103, 113] ٔ Polynomials

۔
ٓ [24]Hsiao Chen

(HWCM) ، ۔
۔ ٔ Hsiao Chen

[60]۔ ٔ
۔ ٔ [71]

[46] ،
[60]Lepik ۔ ٔ

[84] ۔ ٔ
ٔ ٓ

Chen-Hsiao ، ۔
[8] ،



66 ۔ ٔ ٔ .5

ٔ ۔[89] ۔
singularly perturbed Haar wavelet collocation

singularly perturbed convection delayed dominated diffusion equations

- - [2] ۔
۔ backward Euler

ٔ
ٰ ، ۔ (MHWSM)

(𝑛 + 1)𝑡ℎ ٔ (𝑛𝑡ℎ)

MHWSM ۔
۔ ،

5 .2

۔ 𝑛𝑡ℎ ٔ ٓ

𝑦𝑛(𝑡) = 𝜑 (𝑔(𝑡), 𝑦(𝑞0𝑡), 𝑦1(𝑞1𝑡), 𝑦2(𝑞2𝑡) … 𝑦𝑛(𝑞𝑛𝑡)) , ∀ 𝑡 ∈ [𝑡0, 𝑡𝑓 ]

with 𝑦𝜂(𝑡0) = 𝑦𝜂
0 ,

(5.1)

𝑞0, 𝑞1, … , 𝑞𝑛 ، [𝑡0, 𝑡𝑓 ] 𝑔(𝑡) ، 𝜑

𝑦𝜂
0 𝑛𝑡ℎ ، 𝑦1, 𝑦2 … 𝑦𝑛 ، . (0, 1]

(1 .5( ۔ 𝑡 = 𝑡0 (5.1) 𝑦𝑛(𝑡0) 𝜂۔ = 0 1, 2 … 𝑛 − 1 ٔ ٔ
ٔ ٔ (2.5) Haar wavelet series



67 ۔ ٔ ٔ .5

، ۔ 𝑦𝑛+1(𝑡) ٔ ٓ ۔

𝑦𝑛+1(𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡). (5.2)

، ٔ 𝑟 𝑟(5.2) 𝑡

𝑦𝑛+1−𝑟(𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝐼𝑟𝔥𝑖(𝑡) +
𝑛

∑
𝜂=𝑛+1−𝑟

𝑦𝜂(𝑡0)(𝑡)𝜂−(𝑛+1−𝑟)

(𝜂 − (𝑛 + 1 − 𝑟))! . (5.3)

، 𝑦(𝑡) 𝑟 = 𝑛 + 1 (5.3)

𝑦(𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝐼𝑛+1𝔥𝑖(𝑡) +
𝑛

∑
𝜂=0

𝑦𝜂(𝑡0)(𝑡)𝜂

(𝜂)! . (5.4)

،

𝑦(𝑞0𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝐼𝑛+1𝔥𝑖(𝑞0𝑡) +
𝑛

∑
𝜂=0

𝑦𝜂(𝑡0)(𝑞0𝑡)𝜂

(𝜂)! . (5.5)

،

𝑦1(𝑞1𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝐼𝑛𝔥𝑖(𝑞1𝑡) +
𝑛

∑
𝜂=1

𝑦𝜂(𝑡0)(𝑞1𝑡)𝜂−1

(𝜂 − 1)! , (5.6)

⋮
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𝑦𝑛(𝑞𝑛𝑡) =
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑞𝑛𝑡) + 𝑦𝑛(𝑡0). (5.7)

۔ ، ٔ (5.1) (5.3- 5.7) ،
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡) + 𝑦𝑛(𝑡0) = 𝜑 (𝑔(𝑡),
2𝑀
∑
𝑖=1

𝑎𝑖𝐼𝑛+1𝔥𝑖(𝑞0𝑡) +
𝑛

∑
𝜂=0

𝑦𝜂(𝑡0)(𝑞0𝑡)𝜂

(𝜂)! ,

2𝑀
∑
𝑖=1

𝑎𝑖𝐼𝑛𝔥𝑖(𝑞1𝑡) +
𝑛

∑
𝜂=1

𝑦𝜂(0)(𝑞1𝑡)𝜂−1

(𝜂 − 1)! , … ,
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑞𝑛𝑡) + 𝑦𝑛(0)) .

(5.8)

(5.8) 𝑡𝑙 = 𝑙−0.5
2𝑀 , 𝑙 = 1, 2, … 2𝑀 collocation points ،

۔ ، ٔ
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑡𝑙) + 𝑦𝑛(𝑡0) = 𝜑 [𝑔(𝑡𝑙),
2𝑀
∑
𝑖=1

𝑎𝑖𝐼𝑛+1𝔥𝑖(𝑞0𝑡𝑙) +
𝑛

∑
𝜂=0

𝑦𝜂(𝑡0)(𝑞0𝑡𝑙)𝜂

(𝜂)! ,

2𝑀
∑
𝑖=1

𝑎𝑖𝐼𝑛𝔥𝑖(𝑞1𝑡𝑙) +
𝑛

∑
𝜂=1

𝑦𝜂(𝑡0)(𝑞1𝑡𝑙)𝜂−1

(𝜂 − 1)! , … ,
2𝑀
∑
𝑖=1

𝑎𝑖𝐼1𝔥𝑖(𝑞𝑛) + 𝑦𝑛(𝑡0)] .

(5.9)

ٓ ٔ ٔ ،
۔ (5.4) 𝑎,

𝑖𝑠 ، ٓ ۔ 𝑎,
𝑖𝑠

5 .3

، ، ، ،
MATLAB ۔

۔
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

Approximate solution
Exact solution

1)۔ ٔ ) :5 .1

1)۔ ٔ ) :5 .1

RKHSM[64] VIM[25] VIM[25] One-leg [106, 107] Two-stage Our
𝑛 = 100 𝑛 = 5 𝑛 = 5 𝜃-method order-one method

(𝜃 = 0.8) RKM[108] 𝐽 = 2
4.92𝐸 − 04 5.55𝐸 − 03 1.11𝐸 − 02 2.81𝐸 − 01 5.34𝐸 − 03 0

۔ 1۔ ٔ
𝑦″(𝑡) = 3

4𝑦(𝑡) + 𝑦 ( 𝑡
2) + 𝑦′ ( 𝑡

2) + 1
2𝑦″ ( 𝑡

2) − 𝑡2 − 𝑡 + 1, 𝑡 ∈ [0, 1],

𝑦(0) = 0, 𝑦′(0) = 0.
(5.10)

(5.10) ۔ 𝑦𝑒 = 𝑡2 [64] (5.10)

۔ [108, 106, 107, 25, 64]

ٔ ٔ
، ۔ 𝐽 = 2, 3, 4, … , 9 ۔

5 .1 ۔ ٔ 5 .2 5 .1
۔
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1)۔ ٔ ) :5 .2

𝑡(= 1/32)
00097656250 .0 00097656250 .0 0 .1
00878906250 .0 00878906250 .0 0 .3
02441406250 .0 02441406250 .0 0 .5
04785156250 .0 04785156250 .0 0 .7
07910156250 .0 07910156250 .0 0 .9
11816406250 .0 11816406250 .0 0 .11
16503906250 .0 16503906250 .0 0 .13
21972656250 .0 21972656250 .0 0 .15
28222656250 .0 28222656250 .0 0 .17
35253906250 .0 35253906250 .0 0 .19
43066406250 .0 43066406250 .0 0 .21
51660156250 .0 51660156250 .0 0 .23
61035156250 .0 61035156250 .0 0 .25
71191406250 .0 71191406250 .0 0 .27
82128906250 .0 82128906250 .0 0 .29
93847656250 .0 93847656250 .0 0 .31

𝐽 :5 .4

4)۔ ٔ )
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| max 𝐽

8.2836𝐸 − 04 0 .3
2.1882𝐸 − 04 0 .4
5.6115𝐸 − 05 0 .5
1.4201𝐸 − 05 0 .6
3.5715𝐸 − 06 0 .7
8.9555𝐸 − 07 0 .8
2.2414𝐸 − 07 0 .9

𝐽 :5 .3

2)۔ ٔ )
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| max 𝐽

7.4217𝐸 − 04 0 .3
1.9187𝐸 − 04 0 .4
4.8675𝐸 − 05 0 .5
1.2252𝐸 − 05 0 .6
3.0729𝐸 − 06 0 .7
7.6943𝐸 − 07 0 .8
1.9248𝐸 − 07 0 .9

۔ 2۔ ٔ
𝑦″(𝑡) = −𝑦(𝑡) + 5 (𝑦 ( 𝑡

2))
2

, 𝑡 ∈ [0, 1],

𝑦(0) = 1, 𝑦′(0) = −2.
(5.11)

5 .3 ۔ (5.11)

۔ 𝑦𝑒 = exp(−2𝑡) 5 .2
۔ 𝑂(10−7) 𝐽 = 9 𝑂(10−3) 𝐽 = 2
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2)۔3. 5: ٔ ) 𝐽

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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0.9

1

Approximate solution
Exact solution

2)۔2. 5: ٔ )

ٔ ٔ ٔ ٓ 3۔ ٔ
، [64]

𝑦″(𝑡) = 𝑦′ ( 𝑡
2) − 𝑡

2𝑦″ ( 𝑡
2) + 2, 𝑡 ∈ [0, 1],

𝑦(0) = 1, 𝑦′(0) = 0.
(5.12)

۔ ٔ
۔ 𝑦𝑒 = 1 + 𝑡2 (5.12) ۔ 𝑦ℎ = ∑2𝑀

𝑖=1 𝑎𝑖 ∗ 𝐼3𝔥𝑖(𝑡) + 𝑡2 + 1.

۔ 𝐽 = 2, 3, … , 9

5 .4 5 .5
۔
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3)۔ ٔ ) :5 .5

𝑡(= 1/16)
003906250 .1 003906250 .1 0 .1
035156250 .1 035156250 .1 0 .3
097656250 .1 097656250 .1 0 .5
191406250 .1 191406250 .1 0 .7
316406250 .1 316406250 .1 0 .9
472656250 .1 472656250 .1 0 .11
660156250 .1 660156250 .1 0 .13
878906250 .1 878906250 .1 0 .15

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.2

1.4

1.6

1.8

2

Approximate solution
Exact solution

3)۔ ٔ ) :5 .4
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۔ 4۔ ٔ
𝑦′(𝑡) + ( 𝑡

2 − 2) 𝑦(𝑡) − 2 ∫
𝑡

0
(𝑦 (𝑠

2))
2

𝑑𝑠 = 1, 𝑡 ∈ [0, 1],

𝑦(0) = 0.
(5.13)

(5.13)

𝑦″(𝑡) + ( 𝑡
2 − 2) 𝑦′(𝑡) + 1

2𝑦(𝑡) − 2 (𝑦 ( 𝑡
2))

2
= 1, 𝑡 ∈ [0, 1],

𝑦(0) = 0, 𝑦′(0) = 1.
(5.14)

۔ (5.14) ،
۔ 5 .6 5 .4 ٔ 𝑦𝑒 = 𝑡 exp(𝑡)

𝑂(10−7) 𝐽 = 9 𝑂(10−4) 𝐽 = 2

5 .5 ، ۔
۔

۔ 5۔ ٔ
𝑦‴(𝑡) = 𝑦(𝑡) + 𝑦′ ( 𝑡

2) + 𝑦″ ( 𝑡
3) + 1

2𝑦‴ ( 𝑡
4) − 𝑡4 − 𝑡3

2 − 4
3𝑡2 + 21𝑡, ¬𝑡 ∈ [0, 1],

𝑦(0) = 𝑦′(0) = 𝑦″(0) = 0.
(5.15)

𝑦𝑒 = 𝑡4 ۔ (5.15)

۔ 5 .7
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4)۔ ٔ ) :5 .6

|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| 𝑡(= 1/32)
0.1653𝐸 − 6 0322419814 .0 0322421468 .0 0 .1
0.2423𝐸 − 5 1029642319 .0 1029618079 .0 0 .3
0.8562𝐸 − 5 1826747572 .0 1826661951 .0 0 .5
0.1856𝐸 − 4 2722387735 .0 2722202080 .0 0 .7
0.3348𝐸 − 4 3725957133 .0 3725622277 .0 0 .9
0.5385𝐸 − 4 4847651995 .0 4847113430 .0 0 .11
0.8086𝐸 − 4 6098534812 .0 6097726143 .0 0 .13
0.1152𝐸 − 3 7490603671 .0 7489450753 .0 0 .15
0.1585𝐸 − 3 9036866916 .0 9035281845 .0 0 .17
0.2115𝐸 − 3 0751423553 .1 0749307939 .1 0 .19
0.2760𝐸 − 3 2649549829 .1 2646789302 .1 0 .21
0.3533𝐸 − 3 4747792434 .1 4744259044 .1 0 .23
0.4453𝐸 − 3 7064068834 .1 7059615777 .1 0 .25
0.5536𝐸 − 3 9617775258 .1 9612238562 .1 0 .27
0.6806𝐸 − 3 2429902915 .2 2423096473 .2 0 .29
0.8283𝐸 − 3 5523163047 .2 5514879480 .2 0 .31
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4)۔6. 5: ٔ ) 𝐽
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Approximate solution
Exact solution

4)۔5. 5: ٔ )

5)۔ ٔ ) :5 .7

VIM [25] VIM [25] VIM [25] Two-stage [108]
𝑛 = 6 𝑛 = 5 𝑛 = 4 order-one RKM 𝐽 = 2
1.26𝐸 − 06 4.01𝐸 − 05 3.21𝐸 − 04 7.34𝐸 − 02 6.92214𝐸 − 10
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5)۔ ٔ ) :5 .8

|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| 𝑡(= 1
16 )

0.00098𝐸 − 10 000015258789063 .0 000015258789160 .0 0 .1
0.07143𝐸 − 10 001235961914063 .0 001235961921205 .0 0 .3
0.02372𝐸 − 10 009536743164063 .0 009536743166434 .0 0 .5
0.21057𝐸 − 10 036636352539063 .0 036636352518005 .0 0 .7
1.26421𝐸 − 10 100112915039063 .0 100112915165484 .0 0 .9
1.31123𝐸 − 10 223403930664063 .0 223403930795185 .0 0 .11
2.14829𝐸 − 10 435806274414063 .0 435806274199234 .0 0 .13
6.92214𝐸 − 10 772476196289063 .0 772476195596849 .0 0 .15

2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7

J
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5)۔8. 5: ٔ ) 𝐽
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Approximate solution
Exact solution

5)۔7. 5: ٔ )

، ۔ ٔ
5 .7 5 .8 ،5 .9 ۔ 10−10 𝐽 = 2

۔
۔ 6۔ ٔ

𝑦𝑖𝑣(𝑡) = 𝑦″ ( 𝑡
2) (𝑦𝑖𝑣 ( 𝑡

4) − 𝑦(𝑡)) + 𝜆(𝑡), 𝑡 ∈ [0, 1],

𝑦(0) = 0, 𝑦′(0) = 1, 𝑦″(0) = 2, 𝑦‴(0) = 2,
(5.16)

3 ۔ 𝑦𝑒 = 𝑒(𝑡)𝑠𝑖𝑛(𝑡) 𝜆(𝑡)
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𝐽 :5 .10

6)۔ ٔ )
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥|max J

4.3588𝐸 − 05 0 .4
1.9020𝐸 − 05 0 .5
4.8286𝐸 − 06 0 .6
2.2318𝐸 − 06 0 .7
5.5998𝐸 − 07 0 .8
2.6855𝐸 − 07 0 .9

𝐽 :5 .9

5)۔ ٔ )
|𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦𝑎𝑝𝑝𝑟𝑜𝑥| max 𝐽

6.9221𝐸 − 10 0 .2
4.7252𝐸 − 10 0 .3
2.1423𝐸 − 11 0 .4
1.9649𝐸 − 11 0 .5
1.0246𝐸 − 12 0 .6
9.1538𝐸 − 13 0 .7

ٰ
6)۔10. 5: ٔ ) 𝐽

6)۔9. 5: ٔ )

۔ (5.16) 𝐽 ٔ
، ٓ ۔ 5 .10

، ٔ ۔ 5 .9 𝐽 = 4

۔ ٓ ٔ
5 .4

ٰ ،
ٔ ۔

۔ ٔ
۔
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6
ٓ

6 .1
ٔ ،

ٔ ٓ ۔

,[72] diffusions ,[66]viscoelasticity ,[65] ٔ ٔ ،
،[81]electrochemistry ,[114] electromagnetism,[86] ،
[85 ,55 ,32] ، ، 104]۔ ,30]

ٔ ، ٓ ،
Liouville-Caputo Riemann-Liouville۔ ٔ

ٔ
[22] Fabrizio Caputo ۔

Atangana ، ۔ ٔ
، ٓ ۔ [7] ML Baleanu

ٓ
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[95]۔ 𝛼(𝑡)

، (DDEs) Delay

۔ / ،
، ٔ ، ، DDEs

DDEs 𝜏 / ۔
DDEs ، 𝜏(𝑡) DDEs ، DDEs

۔ DDEs ،DDEs ،𝜏(𝑡, 𝑦)

:(PDRDE) proportional dealy ٓ
⎧{{
⎨{{⎩

𝜒𝛼(𝑡) = Ω(𝑡) + 𝑐1(𝑡)𝜒(𝑡) + 𝑐2(𝑡)𝜒(𝑞𝑡)(𝑐3(𝑡) − 𝜒(𝑞𝑡))

𝑤𝑖𝑡ℎ 𝜒(0) = 𝜒0, 0 ≤ 𝑡 ≤ 1, 0 < 𝛼 < 1,
(6.1)

(1 .6) ،𝑞 = 1 𝑞۔ ∈ (0, 1) ، Ω, 𝑐1, 𝑐2, 𝑐3

۔ Riccati

، ٔ
، ۔ ،

،
۔

delay ،
، Sezer Yuzbasi [116] ۔

collocation point exponential polynomial

perturbation-iteration proportional DDEs [11]Cevik۔
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[29] Rashidinia Davaeifar ، ٔ
۔ Sakar[94] ، ۔ first Boubaker polynomials method

،
[77]

۔ DDEs [62] Wang Li ،
[6] ۔ Ali ٔ ، Mittage-Leffler Riemann-Liouville

Ghomanjani & ، DDEs ٓ
، multipantograph DDEs ، quadratic Riccati DEs [41]Shateyi

ٔ Genocchi polynomial

Legen- DDEs [51] ۔ ،
Bessels polynomials [50] Izadi & Srivastava ، dre pseudospectral

Lane-Emeden pantograph dde ٔ Collocation point

DDEs ٔ [83] & ،
۔

۔ {0, ±1} ،
۔ ، ٔ

[97] ۔ [87 ,60]
Oruc et al. ۔ ٔ ۔

dimensional- [82]
[88] ، reaction–sub-diffusion

- - [2] ، DDEs ٔ
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ٔ ۔ ٔ ٓ
(HWSM) ، ٔ

۔ proportional delay ٓ
،

ٓ - 𝛼 > 0 ٓ 𝑔(𝑡), 𝑡 ∈ (𝑐, 𝑑)

:

𝑅𝐿𝒥𝛼
𝑐,𝑡𝑔(𝑡) = 1

Γ(𝛼) ∫
𝑡

𝑐
(𝑡 − 𝑢)𝛼−1𝑔(𝑢)𝑑𝑢 (6.2)

۔ Γ(⋅)

: - 𝛼 > 0 ٓ 𝑔(𝑡), 𝑡 ∈ (𝑐, 𝑑)

𝑅𝐿𝒟𝛼
𝑐,𝑡𝑔(𝑡) = 1

Γ(𝜁 − 𝛼)
𝑑𝜁

𝑑𝑡𝜁 ∫
𝑡

0
(𝑡 − 𝑢)𝜁−𝛼−1𝑔(𝑢)𝑑𝑢, (6.3)

𝑛 = 1, 0 < 𝛼 < 1, ، .𝜁 − 1 < 𝛼 < 𝜁, 𝜁 ∈ ℕ

،

𝑅𝐿𝒟𝛼
𝑐,𝑡𝑔(𝑡) = 1

Γ(1 − 𝛼)
𝑑
𝑑𝑡 ∫

𝑡

𝑐
(𝑡 − 𝑢)−𝛼𝑔(𝑢)𝑑𝑢. (6.4)
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ٔ 𝛼 > 0 ٓ 𝑔(𝑡), 𝑡 ∈ (𝑐, 𝑑)

:

𝐶𝒟𝛼
𝑐,𝑡𝑔(𝑡) = 1

Γ(𝜁 − 𝛼) ∫
𝑡

𝑐
(𝑡 − 𝑢)𝜁−𝛼−1𝑔(𝜁)(𝑢)𝑑𝑢, (6.5)

𝑛 = 1, 0 < 𝛼 < 1, ، 𝜁 − 1 < 𝛼 < 𝜁, 𝜁 ∈ ℕ.

،

𝐶𝒟𝛼
𝑐,𝑡𝑔(𝑡) = 1

Γ(1 − 𝛼) ∫
𝑡

𝑐
(𝑡 − 𝑢)−𝛼𝑔′(𝑢)𝑑𝑢. (6.6)

: [0,1]

𝒫𝛼
𝑖 (𝑡) = 1

Γ(𝛼 + 1) ∫
𝑡

0
(𝑡 − 𝑢)𝛼𝔥𝑖(𝑢)𝑑𝑢.

R-L (2.5)

𝒫𝛼
𝑖 (𝑡) = 1

Γ(𝛼 + 1)

⎧{{{{{{{{
⎨{{{{{{{{⎩

𝜙1(𝑡), 𝑡 ∈ [𝜗1(𝑖), 𝜗2(𝑖))

𝜙2(𝑡), 𝑡 ∈ [𝜗2(𝑖), 𝜗3(𝑖))

𝜙3(𝑡), 𝑡 ∈ [𝜗3(𝑖), 1)

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(6.7)
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𝜙1(𝑡) = (𝑡 − 𝜗1(𝑖))𝛼,

𝜙2(𝑡) = [(𝑡 − 𝜗1(𝑖))𝛼 − 2(𝑡 − 𝜗2(𝑖))𝛼],

𝜙3(𝑡) = [(𝑡 − 𝜗1(𝑖))𝛼 − 2(𝑡 − 𝜗2(𝑖))𝛼 + (𝑡 − 𝜗3(𝑖))𝛼],

,𝑖 = 2𝑗 + 𝑘 + 1 𝜗1(𝑖) = 𝑘/2𝑗, 𝜗2(𝑖) = (𝑘 + 0.5)/2𝑗, 𝜗3(𝑖) = (𝑘 + 1)/2𝑗.

𝑘 = 0, 1, … , 2𝑗 − 1. 𝑗 = 0, 1, … , 𝐽 𝐽

6 .2

(6.1) ٓ (HWSM)

(6.1) 𝜒𝛼(𝑡) ۔ ، ۔
: ٔ

𝜒𝛼(𝑡) =
2𝐽+1

∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡). (6.8)

۔ 𝑡 0 (6.8) R-L

𝜒(𝑡) =
2𝐽+1

∑
𝑖=1

𝑎𝑖𝒫𝛼
𝑖 (𝑡) + 𝜒(0). (6.9)

۔ (6.9) 𝑞𝑡 𝑡

𝜒(𝑞𝑡) =
2𝐽+1

∑
𝑖=1

𝑎𝑖𝒫𝛼
𝑖 (𝑞𝑡) + 𝜒(0). (6.10)
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، ٔ (6.10) (6.8) (6.1)

2𝐽+1

∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡) = Ω(𝑡) + 𝑐1(𝑡)(
2𝐽+1

∑
𝑖=1

𝑎𝑖𝒫𝛼
𝑖 (𝑡) + 𝜒(0))

+𝑐2(𝑡)(
2𝐽+1

∑
𝑖=1

𝑎𝑖𝒫𝛼
𝑖 (𝑞𝑡) + 𝜒(0))(𝑐3(𝑡)

−(
2𝐽+1

∑
𝑖=1

𝑎𝑖𝒫𝛼
𝑖 (𝑞𝑡) + 𝜒(0))).

(6.11)

، ٔ 𝑡𝑙 = (𝑙−0.5)
2𝐽+1 , (6.11)

2𝐽+1

∑
𝑖=1

𝑎𝑖𝔥𝑖(𝑡𝑙) = Ω(𝑡𝑙) + 𝑐1(𝑡𝑙)(
2𝐽+1

∑
𝑖=1

𝑎𝑖𝒫𝛼
𝑖 (𝑡𝑙) + 𝜒(0))

+𝑐2(𝑡𝑙)(
2𝐽+1

∑
𝑖=1

𝑎𝑖𝒫𝛼
𝑖 (𝑞𝑡𝑙) + 𝜒(0))(𝑐3(𝑡𝑙)

−(
2𝐽+1

∑
𝑖=1

𝑎𝑖𝒫𝛼
𝑖 (𝑞𝑡𝑙) + 𝜒(0))).

(6.12)

(6.9) ۔ 𝑎,
𝑖𝑠

۔ 𝜒(𝑡𝑙)

ٔ 6 .3

، ۔
، ۔ ٔ ٔ
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، ۔
ٔ (HWSM)

HWSM ، ۔
ء 2019 - ٔ 2019 - ۔

ٰ ۔
، ٔ ، ۔ ٔ

۔
، ٓ 2019 - ٔ ۔ [98] ،

ٓ ٓ ، ٓ
۔ ٔ ، ۔ ٔ

ٔ ۔ ٔ
102]۔ ,73 ,57]

۔ PDRDE ٓ :1 ٔ
𝑦𝛼(𝑡) = 1

4𝑦(𝑡) + 𝑦( 𝑡
2)(1 − 𝑦( 𝑡

2)), 0 ≤ 𝛼 ≤ 1, 𝑡 ∈ (0, 1) (6.13)

ٔ
𝑦(0) = 1,

𝑦(𝑡) = 1
2 + 1

2𝑐𝑜𝑠(
√

2𝑡
4 ) +

√
2

2 𝑠𝑖𝑛(
√

2𝑡
4 ),



85 ٓ .6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.05
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Approximate solution
Exact solution
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1.05

0.8

1.1
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n

1.15

0.6 0.9

t

1.2

0.80.4

1.25

0.7
0.2 0.6

0 0.5

1۔ ٔ :6 .1

1۔) ٔ ) 𝐽 = 3 𝛼 = 0.5, 0.7, 0.9, 1 :6 .1

𝑦𝑒𝑥𝑎𝑐𝑡 𝛼 = 1 𝛼 = 0.9 𝛼 = 0.7 𝛼 = 0.5 𝑡𝑙
0078 .1 0078 .1 0113 .1 0235 .1 0455 .1 0313 .0
0383 .1 0383 .1 0473 .1 0692 .1 0933 .1 1563 .0
0677 .1 0677 .1 0784 .1 1000 .1 1173 .1 2813 .0
0961 .1 0960 .1 1065 .1 1243 .1 1335 .1 4063 .0
1232 .1 1232 .1 1322 .1 1442 .1 1456 .1 5313 .0
1492 .1 1492 .1 1558 .1 1609 .1 1551 .1 6563 .0
1739 .1 1739 .1 1775 .1 1751 .1 1627 .1 7813 .0
1973 .1 1972 .1 1973 .1 1872 .1 1689 .1 9063 .0

۔ 𝛼 = 1 ۔
𝛼 = 0.5, 0.6, 0.7, 0.8, 0.9, 1 ۔ ٔ HWSM (6.13)

𝛼 = 0.5, 0.7, 0.9, 1 ، ۔ 6 .1
۔ 6 .2 (MAEs) 𝐽 ۔ 6 .1

۔ PDRDE ٓ :2 ٔ
𝑦𝛼(𝑡) = 1

2𝑒𝑥𝑝( 𝑡
2)𝑦( 𝑡

2) + 1
2𝑦(𝑡), 0 ≤ 𝛼 ≤ 1, 𝑡 ∈ (0, 1) (6.14)
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𝑚𝑎𝑥|𝑦۔ − 𝑦𝑒𝑥𝑎𝑐𝑡| (MAE) :6 .2

4 ٔ 3 ٔ 2 ٔ 1 ٔ 𝐽
2.8315𝑒 − 08 9.4852𝐸 − 06 1.8900𝐸 − 03 3.0351𝐸 − 05 3
1.1102𝑒 − 16 2.3778𝐸 − 06 4.8189𝐸 − 04 7.6090𝐸 − 06 4
1.1102𝑒 − 16 5.9526𝐸 − 07 1.2167𝐸 − 04 1.9048𝐸 − 06 5

− 1.4891𝐸 − 07 3.0572𝐸 − 05 4.7652𝐸 − 07 6
− 3.7240𝐸 − 08 7.6623𝐸 − 06 1.1917𝐸 − 07 7
− 9.3117𝐸 − 09 1.9178𝐸 − 06 2.9797𝐸 − 08 8
− 2.3281𝐸 − 09 4.7979𝐸 − 07 7.4499𝐸 − 09 9
− 5.8205𝐸 − 10 1.1996𝐸 − 07 1.8620𝐸 − 09 10

2)۔ ٔ ) 𝛼 = 0.5, 0.7, 0.9, 1 :6 .3

𝑦𝑒𝑥𝑎𝑐𝑡 𝛼 = 1 𝛼 = 0.9 𝛼 = 0.7 𝛼 = 0.5 𝑡𝑙
0317 .1 0323 .1 0480 .1 1065 .1 2426 .1 0313 .0
1691 .1 1697 .1 2183 .1 3661 .1 6442 .1 1563 .0
3248 .1 3255 .1 3998 .1 6148 .1 9987 .1 2813 .0
5012 .1 5021 .1 6007 .1 8796 .1 3653 .2 4063 .0
7011 .1 7021 .1 8255 .1 1698 .2 7606 .2 5313 .0
9276 .1 9288 .1 0782 .2 4919 .2 1951 .3 6563 .0
1842 .2 1857 .2 3632 .2 8520 .2 6775 .3 7813 .0
4750 .2 4768 .2 6849 .2 2561 .3 2165 .4 9063 .0

ٔ
𝑦(0) = 1,

𝑦(𝑡) = exp (𝑡),

۔ 𝛼 = 1 ۔
𝛼 = 0.5, 0.6, 0.7, 0.8, 0.9, 1 ۔ ٔ HWSM (6.14)

𝛼 = 0.5, 0.7, 0.9, 1 ، ۔ 6 .2
۔ 6 .2 (MAEs) 𝐽 ۔ 6 .3
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5

0.7
0.2 0.6

0 0.5

2۔ ٔ :6 .2

۔ PDRDE ٓ :3 ٔ
𝑦𝛼(𝑡) = −1

8𝑦(𝑡) + 𝑦( 𝑡
2)(1 − 𝑦( 𝑡

2)), 0 ≤ 𝛼 ≤ 1, 𝑡 ∈ (0, 1) (6.15)

ٔ
𝑦(0) = 1

4,

𝑦(𝑡) = 1
2 − 1

4𝑐𝑜𝑠(
√

5𝑡
8 ) +

√
5

4 𝑠𝑖𝑛(
√

5𝑡
8 ),

۔ 𝛼 = 1 ۔
𝛼 = 0.5, 0.6, 0.7, 0.8, 0.9, 1 ۔ ٔ HWSM (6.15)

𝛼 = 0.5, 0.7, 0.9, 1 ، ۔ 6 .3
۔ 6 .2 (MAEs) 𝐽 ۔ 6 .4
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Approximate solution
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0.45

0.7
0.2 0.6

0 0.5

3۔ ٔ :6 .3
3)۔ ٔ ) 𝛼 = 0.5, 0.7, 0.9, 1 ً :6 .4

𝑦𝑒𝑥𝑎𝑐𝑡 𝛼 = 1 𝛼 = 0.9 𝛼 = 0.7 𝛼 = 0.5 𝑡𝑙
2549 .0 2549 .0 2572 .0 2655 .0 2825 .0 0313 .0
2746 .0 2747 .0 2810 .0 2985 .0 3248 .0 1563 .0
2947 .0 2947 .0 3031 .0 3243 .0 3522 .0 2813 .0
3150 .0 3150 .0 3246 .0 3472 .0 3743 .0 4063 .0
3355 .0 3355 .0 3457 .0 3684 .0 3935 .0 5313 .0
3562 .0 3562 .0 3665 .0 3883 .0 4106 .0 6563 .0
3770 .0 3770 .0 3871 .0 4073 .0 4263 .0 7813 .0
3981 .0 3981 .0 4075 .0 4255 .0 4407 .0 9063 .0

:4 ٔ
[94]

𝑦𝛼(𝑡) = 𝑡3𝑦2(𝑡) − 2𝑡4𝑦(𝑡) + 𝑡5, 0 ≤ 𝛼 ≤ 1, 𝑡 ∈ (0, 1) (6.16)

ٔ
𝑦(0) = 0,

𝑦(𝑡) = 𝑡,
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4۔ ٔ :6 .4

4)۔ ٔ ) 𝛼 = 0.5, 0.7, 0.9, 1 ً :6 .5

𝑦𝑒𝑥𝑎𝑐𝑡 𝛼 = 1 𝛼 = 0.9 𝛼 = 0.7 𝛼 = 0.5 𝑡𝑙
0.0313 0.0313 0.0460 0.0973 0.1995 0.0313
0.1563 0.1563 0.1956 0.3001 0.4461 0.1563
0.2813 0.2813 0.3320 0.4530 0.5990 0.2813
0.4063 0.4063 0.4622 0.5863 0.7215 0.4063
0.5313 0.5313 0.5885 0.7080 0.8277 0.5313
0.6563 0.6562 0.7119 0.8220 0.9236 0.6563
0.7813 0.7812 0.8329 0.9300 1.0115 0.7813
0.9063 0.9062 0.9521 1.0332 1.0920 0.9063

۔ 𝛼 = 1 ۔
𝛼 = 0.5, 0.6, 0.7, 0.8, 0.9, 1 ۔ ٔ HWSM (6.16)

𝛼 = 0.5, 0.7, 0.9, 1 ، ۔ 6 .4
۔ 6 .2 (MAEs) 𝐽 ۔ 6 .5

16 fde solver [37] 6 .7 ،
۔

4)۔ ٔ ) MAE :6 .6

IRKHSM
]94[𝑁 = 4

HWSM
𝐽 = 4

HWSM
𝐽 = 3

2𝐸 − 07 1.1102𝐸 − 16 2.8315𝐸 − 08
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4)۔ ٔ ) 𝐽 = 4 :6 .5

6 .4

proportional delay HWSM ،
۔ ٔ ۔

ٔ
(solver) ۔

ٔ ۔
۔
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(delay) ٔ
ٔ ،

۔ ( proportional delay )

، ٔ 2 ،
، ۔ ٔ ٔ

ٔ ، ۔
۔

۔ ، ٔ

۔ ٔ ٔ 𝑂(10−5) − 𝑂(10−09)
ٔ Dirichlet BVPs

۔ ٔ 4 3 ،
BVPs

ٔ ۔
۔

𝑂(10−10) 𝑂(10−04) BVPs

2 BVPs IVPs ، 1. 3)۔ )
۔

ٔ ،
ٔ ۔
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4 .3 ۔
4 .6

۔ ٔ
ٰ ، 5

، ۔ ٔ
(𝑛 + 1)𝑡ℎ ٔ (𝑛𝑡ℎ) ٰ

۔
ٔ ۔

، ٓ ٔ ۔ ٓ
RKHS ، VIM ، -𝜃 One-leg ، RKM (5 .7 ,5 .1 ، )

۔
R-L ، 6 ، ٓ

۔ ٔ DEs

HWSM FDESOLVER IRKHSM ٔ ٔ 6 .7 6 .6
𝑂(10−05) − 𝑂(10−10) ۔
7. 6)۔ ) 𝑂(10−08) − 𝑂(10−16) ٔ ٔ (6 .2 )

:
۔ PDEs ٓ ۔ (۱)

۔ ٔ ٔ ۔ (۲)
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